
1.5 Modeling of Stochastic Processes 

Stochastic Process 
˙A sample space 

- large number of sample points 
- each sample point corresponds to a random 

experiment 
- the outcome of a random experiment is a time 

function 
- the time functions are called sample functions 
- the sample functions share some probabilistic 

low 
- the sample space or ensemble of sample 

functions is called a stochastic (or random) 
process 
See Fig1.1,P 32 of Haykin 

˙X(t)：a stochastic process 
x1(t), x2(t), ……xn(t) ,……sample functions 

X(tk) : a random variable for any tk 

x1(tk) , x2(tk) ,……, xn(tk) ,…… 
- the outcome of a random experiment at t = tk is a 

number 
˙A stochastic process is an indexed family of 

random variables 
X(t1) , X(t2) , ……, X(tk) , … 

˙Signals and noise can be considered as 
stochastic processes 



Stationarity and Moments 

˙Stationary  
- the statistical characteristics of a process is 

independent of time 
 

˙First-order stationary 

- fX(x) : probability density function of a random 
variable X 

- fX(t  ) (x) = fX (t  + h)(x) , all h k k 

- mean or first-orde ment 

   MX = E [ X(t) ] =

 constant mean 

- zero-mean proces

   MX = 0 
r mo
∞
    xf X(t  ) (x)dx ∫ k
∞−

s 



Stationarity and Moments 

˙Second-order stationary  
- f X X (x1 , x2) : joint density function of the two 

random variables X1 , X2 
2 1 

- fX(t  )X(t  ) (x1 , x2) = fX(t +h)X(t  +h)1 2
(x1 , x2), all h 

1 2

- autocorrelation function or second-order moment 
RX(t1 , t2) = E [ X(t1)X(t2) ] 

= x∫ ∫
∞

∞−
1x2 fX(t  )X(t  ) (x1 , x2)dx1dx2 2 1 

- Set h = − t1 

RX(t1 , t2) = E [ X(0)X(t2 − t1) ] 
depends on t2 − t1 only 

- Set τ = t2 − t1 
RX(τ) = E [ X(t)X(t + τ) ] 
a deterministic function 

˙Wide-sense Stationary 
- autocorrelation function depends on t2 − t1 only 
- constant mean 



Stationarity and Moments 

˙Power Spectral Densi y 

Sx (ω) = F { Rx(τ) } -jωτ∞

 = lim E [   |  
T → ∞ ∫1 

2T −

- averaged power distribu

- a deterministic function

 Ref: 1.2, 1.3, 1.4
t

 Rx(τ) e dτ 
∞−
 =  ∫
T

 X(t)e-jωtdt|2] 
T

tion on frequency domain 

 

 of Haykin 



Linear Time-invariant Systems 
˙wide-sense stationary processes 

X(t) , Y(t) : stochastic processes 

x1(t) , x2(t)……, y1(t) , y2(t)……sample functions 

 h(t) 
 

  x1(t)    y1(t) =
x2(t)    y2(t) =

∞

       
 

   

X(t) 

  X(t)     Y
h(t) 

 

      Y(t) =

˙mean of output process 

µY = E[ Y(t) ] = E [  h∫
∞

=   E[ h(τ)X(t−τ)]d∫ ∞−

= µX   h(τ)dτ = µX ∫
∞

∞−

∞−
∞

- means of input/output p
- zero-mean input gives z
   h(τ)x1(t−τ)dτ ∫
   h(τ)x2(t−τ)dτ 

∞
∞−
∫
        

Y(t) ∞−

(t) 

∞

   h(τ)X(t−τ)dτ = h(t)＊X(t) ∫ ∞−

 

(τ)X(t−τ)dτ ] 

τ =  h(τ)E[X(t−τ)]dτ ∫−
H(0) 

∞

∞

rocesses related by H(0) 
ero-mean output 



Linear Time-invariant Systems 

˙Power Spectral Density 

             
X(t) Y(t) 

h(t), H(ω)
 

 

x1(t)      X1(ω) y1(t)     Y1(ω) = X1(ω)H(ω) F F

x2(t)      X2(ω) y2(t)     Y2(ω) = X2(ω)H(ω) F F

 

SY(ω) SX(ω)  
     

 

- SY(ω) = SX(ω) | H(ω) |2 

 



Gaussian and White Processes 
˙Gaussian Processes 

 - Gaussian random variable X 

fX(x) =    e−(x−m
 
/2σ      1 2 

(2πσ2) 1/2 

- Multivariate Gaussian dist
variables 

X = [ X1 , X2 ,……, Xn 

fX(x) =         e− −[ (x    1 
(2π)n/2∆1/2

1
2

µ = [ µX   ,……, µ

∑ = [ σij ] , covariance m

σij = E [ (Xi − µX

∆ : determinant of ∑

- X(t) is a Gaussian proce
{ t1 , t2 , ……, tn } 

X = [ X(t1), X(t2) , …

2 

has a multivariate G

- When a Gaussian proce
time-invariant system, t
Gaussian process 
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…X(tn)]t 

aussian distribution 

s operated by a linear 
e output is another 



Gaussian and White Processes 
˙White Processes 

δ(t)       δ(t) e−jωt dt = 1, all ω ∫ 
∞

∞−
F 

 

 
δ(t) 1

F 1 
ω t 

0 
 

- A process X(t) is white if 

  RX(τ) =    δ(τ) ,  SX(ω) =    , all ω  N0 
2 

N0 
2 

- N0 : noise density 

white noise 

- E [ X(t1)X(t2)] = 0 , t1 ≠ t2 

Equal average power at all frequencies 

 

 Ref : 1.6, 1.7, 1.8, 1.9  of Haykin 
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