1.5 Modeling of Stochastic Processes

Sochastic Process

- A sample space
- large number of sample points

- each sampl e point corresponds to a random
experiment

- the outcome of arandom experiment isatime
function

- the time functions are called sample functions

- Ithe sampl e functions share some probabilistic
ow

- the sample space or ensembl e of sample
functionsis called a stochastic (or random)
process

See Figl.1,P 32 of Haykin

X(t) astochastic process
X1(t), X2(0), ...... Xn(1) ,...... sample functions

X(tx) : arandom variablefor any ty

Xl(tk) : Xz(tk) yareaas : Xn(tk) yareaes

- the outcome of arandom experiment att =txisa
number

A stochastic processis an indexed family of
random variables

X(t1) , X(t2) 5 voverss X(6) 5 -

Signals and noise can be considered as
stochastic processes



Sationarity and M oments

- Sationary

- the statistical characteristics of a processis
Independent of time

First-order stationary

- fx(X) : probability density function of a random
variable X

- fx ) X) = fx e, +n)(X) , al h
- mean or first-order moment
Myx=E[ X()] :j: Xf x ¢, ) (X)dx
constant mean
- Zero-mean process

Mx:O



Sationarity and M oments

- Second-order stationary

- f x x,(X1, X2) : Joint density function of the two
random variables X1, X5

- Fxt, )xt,) (X1, X2) = Fxrmyxt, +hy(X1, X2), al h
- autocorrelation function or second-order moment
Rx(tl, tz) = E [ X(tl)X(tz) ]

:.[ j _:X1X2 fxt xc,) (X1, X2)dX.dXo

-Seth=-1,
Rx(t1, t2) = E[ X(0)X(t2—11) ]
dependsont, —t; only
-etTt=t -t
Rx(T) = E[ X(O)X(t + 1) ]
a deterministic function

- Wide-sense Sationary
- autocorrelation function depends on t, — t; only
- constant mean



Sationarity and M oments

Power Spectral Density
Sc(@) =F{ R} = Rd(1) &"cr
_ i 1 (7 ¥
=limE [ | j . X ()&l it}
- averaged power distribution on frequency domain

- adeterministic function

Ref: 1.2, 1.3, 1.4 of Haykin



Linear Time-invariant Systems

- wide-sense stationary processes
X(1), Y(t) : stochastic processes

X1(1) , Xo(1)...... , Y1(D) , yo(D)....... sample functions

1 h(t) |~

Xa(t) —>ya() =] h@)xa(t-T)dt

) h(T)Xo(t—T)dTt >Y (1)

X(t) | X(t) ——y2Al) =

\ 5 J

X (1) Y ()

= he

Y(t) = j : hTD)X(t-T)dt = h(t)  X(t)

" mean of output process
by =E[Y®T=E[] _h@X(t-T)dr]
=[ E[ h@X@-1]dt = [~ hnEX(t-1)]dr
= e[ _ h(r)dt = pix H(O)

- means of input/output processes related by H(0O)
- Zero-mean input gives zero-mean output



Linear Time-invariant Systems

- Power Spectral Density

X(t Y (t
Pl b i

Xa(t) > X3(00)  Yal) Y 2(w) = Xa(@H(w)

o)+ Xo) Y)Y 2(6) = XA H()

g B
S S

- Sy(w) = Sx(w) | H(w) [



Gaussian and White Processes

Gaussian Processes

- Gaussian random variable X

—(x—m)? /202

() = (nh 2 €

- Multivariate Gaussian distribution for n random
variables

1 ~ 1 =) T Y%
()= ozt Hem)' 20 ]

H:[le’uxz o ’an]

> =[gj], covariance matrix

0 = E[ (K= x, )( X = Hx; ) ]
A : determinant of >

- X(t) isaGaussian process if for any set
{ t]_, t2, ...... y tn}
X =[X(t), X(t), ...... X(t)]"
has a multivariate Gaussian distribution
- When a Gaussian process operated by alinear

time-invariant system, the output is another
Gaussian process



Gaussian and White Processes

" White Processes

5t)— > [ 8(t) e dt=1, all w

)4 1
I :

0

=

- A process X (t) iswhite if

Rx(T) = % o(t) ,  Sx(w) —N7 ,
- Ng : noise density

white noise

-E[X({W)X()] =0, t. 71

| W

Equal average power at all frequencies

Ref:1.6,1.7,18,19 of Haykin
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