Inverse of a Matrix
Hung-yi Lee



Inverse of a Matrix

* What is the inverse of a matrix?

* Elementary matrix

* What kinds of matrices are invertible

* Find the inverse of a general invertible matrix



Inverse of a Matrix

What is the inverse
of a matrix?



Inverse of Function

* Two function f and g are inverse of each other (f=g-,
g=f1)if ......

For any v

y = g(x) —n— x = f(v) '_4—17
y=v
y=f) —-<— x =g(v) ‘_n'__v
y=v



Inverse of Matrix

e If Bis an inverse of A, then A is an inverse of B, i.e.,
A and B are inverses to each other.

AB =1
For any v

N
=
y =g(x) —n— x = f(v) —ﬁ——v
y=v




Inverse of Matrix

e If Bis an inverse of A, then A is an inverse of B, i.e.,
A and B are inverses to each other.

A is called invertible if there is a matrix B

suchthat AB =1 and BA =1

a8 =[y ]
A=[§ é] B=[_35 _21] [1 0
BA=1o 1



Inverse of Matrix

e If Bis an inverse of A, then A is an inverse of B, i.e.,
A and B are inverses to each other.

A is called invertible if there is an matrix B

RIS ¢ ch that AB = ] and BA = I

Non-square matrix cannot be invertible

1 1 0
A—ll 5 1]andC’— —1 -1




Inverse of Matrix

* Not all the square matrix is invertible
1 2 a b

AZ[O 0] [(1)(2)”ch

* Unique

AB =1 BA =1 AC =1 CA=1

B=BI =B(AC)=(BA)C=1IC =C



Solving Linear Equations

* The inverse can be used to solve system of linear
equations.

r1+2x9 = 4
Ax = b 31 +5x9 = 7
If A is invertible.
Ax =0Db
Al (Ax) = A7 'b g
x=A"'b

-7 A7

However, this method is computationally inefficient.



Input-output Model

- et R EHEEY) ;%:/i\ 7K7F7f :$$‘/”‘

_

dE—HUEY) 01

S E—HlE=EsE 0.2 0.4 0.1
= EE— AT ARAA 0.1 0.2 0.1
Cx C X

0.1x; + 0.2x, + 0.1x3] T10.1 0.2 0.17[*1]
0.3x; + 0.1x, + 0.1x3| 103 0.1 0.1] Lxs.

JHTE A ) Consumption  #HA: 7
matrix




Input-output Model

Cx C X
48] 0.1 0.2 0.17[100]
96 =10.2 04 0.2][150
53. 0.3 0.1 0.111L80
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matrix
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/g}l’[ié 1007 A8 kYA
¢~ Cx = [150] 96| = 54| Penond
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Input-output Model

0.1 0.2 0.1 901
c=[02 04 02| d=|[80| gorn
ector d

0.3 0.1 0.1 160

e HER x JEsZE T 2% /2

09 —-02 -0.1
x—Cx=d A=1-C=|-02 06 =02

It — Cx = d —-0.3 —-0.1 0.9.
90 (170]
[-C)x=d
( )X b =180 x = 1240
Ax=b 160 1150




Input-output Model

s A —EBEMBYHFEE > FESEES/VEIRY
Ans: The first column of (I — €)1

(I-C)x=d ) x=U-0"d

d M) d+

xX' = -C)"1(d + e;)
=(U-0)"Yd+{U-C)1e

=d+31

1
0
0

1.3 0.475 0.25
(I-C)t'=10.6 1.950 0.50
0.5 0.375 1.25

’]Y) =& A



Inverse for matrix product

* A and B are invertible nxn matrices, is AB invertible? yes
(AB)"1 =pB~1471
B71A7Y(AB) =B 1 (A™'A)B =B 1B =1
(AB)B™A™ =ABB™HA™t =441 =1

* Let A4, A,, -, A} be nxn invertible matrices. The product
AqA, -+ Ay is invertible, and

(A145 - Ap) ™t = (Ap) " (Ag—) ™t (A7



Inverse for matrix transpose

 If Ais invertible, is AT invertible?
(AT)—l —7 (A—l)T
(AB)T = BTAT

AT A= mm) (A1A)T =1 mmy AT(A DT =1

AA™Y =] ‘ (AA—l)T — ‘ (A—l)TAT — ]



Inverse of a Matrix

Inverse of
elementary matrices



Elementary Row Operation

* Every elementary row operation can be performed by

matrix multiplication.
» 1. Interchange elementary matrix
0 1 a b| | c d
1 0 c d| | a b
1 O a b B a b
0 k ¢c d| | ke kd

* 3. Adding k times row i to row j:

1 0 a b | a b
k 1 c d| | ka+c kb+d

e 2.Scaling



Elementary Matrix

* Every elementary row operation can be performed by
matrix multiplication.

 How to find elementary matrix? elementary matrix

E.g. the elementary matrix that exchange the 15t and 2nd
rows

1 4] [2 5 0 0] [0 1 O
El2 5|=[1 4 E |0 ol=1[{1 0 o
3 6l I3 6 0 0 0 0 1L

[Ty
|
S~ O

SO =
- 2 <




Elementary Matrix

* How to find elementary matrix?

* Apply the desired elementary row operation on

ldentity matrix

Exchange the 2
and 3" rows

Multiply the 2nd
row by -4

Adding 2 times
row 1 to row 3
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Elementary Matrix

* How to find elementary matrix?

* Apply the desired elementary row operation on
ldentity matrix

1 4 1 0 O
3 6 0 1 0
1 0 O
E2A _ E2 =10 —4 O
0o 0 1
1 O O]
Ead = 2 0 1




Inverse of Elementary Matrix Reverse elementary row

operation
Exchange the 2"¢ and 3™ rows Exchange the 2"¢ and 3™ rows
1 0 O
E=lo o 1 “ Erl =
0 1 0
Multiply the 2" row by -4 Multiply the 2" row by -1/4
0 O |
E=0 -4 o <) 52—1:[ ]
0 1
Adding 2 times row 1 to row 3 Adding -2 times row 1 to row 3

1 0 O

010] “EB—[_

2 0 1




RREF v.s. Elementary Matrix

 Let A be an mxn matrix with reduced row echelon
form R.

Ek cee EzElA —_ R

* There exists an invertible m x m matrix P such that
PA=R

P=E, E,E

p-1 — E1—1E2—1 '“Ek_l



Inverse of a Matrix
Invertible



Summary

* Let A be an n x n matrix. A is invertible if and only if
* The columns of A span R"

* For every b in R", the system Ax=b is consistent
* Therankof Aisn

* The columns of A are linear independent

* The only solution to Ax=0 is the zero vector

* The nullity of A is zero

* The reduced row echelon form of Alis ||

* Ais a product of elementary matrices

* There exists an n x n matrix B such that BA =1_
* There exists an n x n matrix C such that AC=1_
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Review

Range ({E15Y)

by /
.\Q f(v1)

(%)
.\O f(w2) = f(v3)

V3@

e Given a function f

Domain (& &) Co-domain (3] /fE1Ek)

Given a linear function corresponding to a mxn matrix A

Domain=R" Co-domain=R™ Range="?



One-to-one

e A function f is one-to-one If co-domain is “smaller”
than the domain, f

cannot be one-to-one.
.\O f(vy) o |

If a matrix A is 2&2[%, it
—0 f(v,) cannot be one-to-one.

The reverse is not true.

Ug‘* A'O f(v3)
If a matrix A is one-to-

FEo—=-bhasenesolation one, its columns are

: independent.
f(x) = b has at most one solution P



Onto

e A function fis onto

.\o 1

f(w,)
= f(v3)

Co-domain = range

f(x) = b always have solution

’”

If co-domain is “larger
than the domain, f
cannot be onto.

If a matrix A is =78, it
cannot be onto.

The reverse is not true.

If a matrix A is onto,
rank A = no. of rows.



One-to-one and onto

* A function f is one-to-one and onto

The domain and co-
domain must have “the
same size”.

The corresponding matrix
A is square.

-
oo Ly oo

FE e Square HFTHE [ » BEEADAKIL > ZEHLELA ERIL




Invertible

e Ais called invertible if there is a matrix B such that
AB=]andBA=I(B=A4"1

A A
-1
A1 A1
A must be one-to-one A must be onto

(“RZR A~ 1Y input EEE B TREH)



Invertible

* Let A be an n x n matrix.

* Onto - One-to-one - invertible
* The columns of A span R"
e For every b in R", the system Ax=b is consistent
* The rank of A is the number of rows

* One-to-one - Onto - invertible \
* The columns of A are linear independen’/
* The rank of A is the number of columns
* The nullity of A is zero
* The only solution to Ax=0 is the zero vector
* The reduced row echelon form of Ais ||

Rank A =n



Invertible

* Let A be an n x n matrix. A is invertible if and only if
* The reduced row echelon form of Ais | |

1 2 3
A=12 5 6 | me—) | :
112} 10 —1]
B=|2 1 1 01 3
o RREF L0 0 0

Not Invertible



Summary

* Let A be an n x n matrix. A is invertible if and only if
* The columns of A span R"

onto |* For every b in R", the system Ax=b is consistent
* Therankof Aisn

* The columns of A are linear independent

* The only solution to Ax=0 is the zero vector

* The nullity of A is zero

* The reduced row echelon form of Ais |

* Ais a product of elementary matrices

* There exists an n x n matrix B such that BA =1_
* There exists an n x n matrix C such that AC=1_

I
One-to-
one




Invertible

An n x n matrix A is
invertible. R=RREF(A)=l
n

‘ E, - E,E/A=1,

The reduced row
echelon form of Ais | {1 1
‘ A — El EZ "‘Ek In
_p-1p-1 .. -1
A is a product of = Br By By
elementary matrices



Invertible

—
-

If Av = 0, then ....

BA

=_K -v=0

I
BAv=0 Lv=v



Invertible

—
-

For any vector b,

AC =1 Cb is always a solution for b
e g

ACh I.b=h



Summary

* Let A be an n x n matrix. A is invertible if and only if

onto

One-to-
one

* The columns of A span R"
* For every b in R", the system Ax=b is consistent

* The rank of Ais n

* The columns of A are linear independent

* The only solution to Ax=0 is the zero vector
* The nullity of A is zero

* The reduced row echelon form of Ais |

i

* Ais a product of elementary matrices
* There exists an n x n matrix B such that BA =1_
* There exists an n x n matrix C such that AC=1_




Questions

* If A and B are matrices such that AB=I_for some n,
then both A and B are invertible.

* For any two n by n matrices A and B, if AB=I_, then
both A and B are invertible.



Inverse of a Matrix

Inverse of
General invertible matrices



2 X 2 Matrix

—[a b -1-[¢ ] Find h
A_[C g A _[g h inde,f,g,

¢ ally =0

1 _
AT = ad — bc [—dc ab]

If ad — bc = 0, A is not invertible.



Algorithm for Matrix Inversion

* Let A be an n x n matrix. A is invertible if and only if
* The reduced row echelon form of Ais | |

Ey - E,E;A=R =1,
A—l

Al =E, - E,E;



Algorithm for Matrix Inversion

* Let A be an n x n matrix. Transform [ Al ] into its
RREF[RB]

* Ris the RREF of A
* B is an nxn matrix (not RREF)

* If R=1_, then Ais invertible
*B=A"
Ej - EzE1[A I}

— [R Ek '“EZE1]

I, A1



Algorithm for Matrix Inversion

Invertible
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Algorithm for Matrix Inversion

* Let A be an n x n matrix. Transform [ Al ] into its
RREF[RB]

* Ris the RREF of A
* B is a nxn matrix (not RREF)

* If R=1_, then Ais invertible

e B=A1
* To find A'C, transform [ AC ] into its RREF[R C’ ]
* C’'=A1C A71C

~

Ep-EyEs[A €] =[R Ey - EEC]

L, A1 P139 - 140
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Appendix



2 X 2 Matrix

A R
ad # bc ad — bc # 0
A_1=[; ; Finde,f,g,h

f B 1 _
[CCl Z”; f :[(1) (1)] Al:ad—bc[—dc ab]




