Matrix Multiplication
Hung-yi Lee



Matrix Multiplication

e Given two matrices A and B, the (i, j)-entry of AB is the inner
product of row i of A and column j of B
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Matrix Multiplication

e Given two matrices A and B, the (j, j)-entry of AB is the inner
product of row i of A and column j of B
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Matrix Multiplication - Meaning

* Multiple Input
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Matrix Multiplication - Meaning

* Composition

» Given two function f and g, the function g(f(.)) is the
composition g°f.

o
y = g(f(x))«« .

Matrix multiplication is the
composition of two linear functions.




Matrix Multiplication - Meaning

* Composition
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Matrix Multiplication - Meaning
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Y =Av v=Bx ,

y« C = AB «x

The composition of A and B is

C — [Abl Ab2 *ec Abp]

Matrix Multiplication




Example o O A=l ]

reflection about

the x-axis rotation by 180°
R2
Y =4v v=Bx ,

yq.-q.x

reflection about the y-axis



Not Communicative
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Not Communicative
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If A and B are matrices, then both AB and BA are defined if and

only if A and B are square matrices?



Properties

* Let A and B be k x m matrices, C be an m x n matrix, and P
and Q be n x p matrices

* For any scalar s, s(AC) = (sA)C = A(sC)
* (A+B)C=AC+BC
* C(P+Q)=CP+CQ

* |lA=A=Al_
* The product of any matrix and a zero matrix is a zero
matrix

* Power of square matrices:A e M, A=A A--- A (k times),
and by convention, A'=A, A= .



Properties AC:kXn (AC)T:nXk

e Let A be kxm matrices, C be an mxn matrix,
« (AC0)T =2 CTAT

ATCT CTAT
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Special Matrix

* Diagonal Matrix

1 0 0 3 0 0 3 0 0
A=10 2 0 B=|(0 -1 0 AB=|0 -2 0
0 0 3 0O 0 2 0O 0 6

 Symmetric Matrix AT = A

1 2
_ 7T 1 2
i 3 -1 |=A4 32[34]7ABT

AA" and A’A are square and symmetric

(AATYT = ATTAT = AAT  (ATA)T = ATATT = ATA



Augmentation and Partition

 Augment: the augment of A and B is [A B]

e Partition:
1 2 3 4 1 2 3
A=I|5 6 7 8 A=1|5 6 7
4 3 2 1 4 3 2
1 2 3 4 1 2 3
A=I|5 6 7 8 A=|5 6 7
4 3 2 1 4 3 2




Block Multiplication
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Block Multiplication
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Block Multiplication
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Matrix Multiplication — 4 way

* Way 1: inner product

Given two matrices A and B,

the (i, j)-entry of AB is the

inner product of row i of A
and column j of B
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Matrix Multiplication — 4 way

* Way 1: inner product

Given two matrices A and B,
the (i, j)-entry of AB is the
inner product of row i of A
and column j of B
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Matrix Multiplication — 4 way

* Way 2: Linear combination of columns
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Matrix Multiplication — 4 way

* Way 2: Linear combination of columns
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Matrix Multiplication — 4 way

* \View 3: Linear combination of rows
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Matrix Multiplication — 4 way

* Way 3: Linear combination of rows

Ovartr N
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1[—1 1]+ 2[3 2]

The first row

3[-1 1] +4[3 2]
The second row

5[—-1 1]+ 6[3 2]
The third row

—— —



Matrix Multiplication: 4 views

e View 4: Summation of matrices
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Matrix Multiplication: 4 views

* Way 4: summation of matrices
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Practical Issue

* Let A and B be k x m matrices, C be an m x n matrix, and P
and Q be n x p matrices

« A(CP) = (AC)P

n P
A - A N
— ”
I
m < : Iy I .
— \

Multiplication count: m X n X p



k=1  m=1000
Practical Issue =1 p=1000

* Let A and B be kxm matrices, C be an mxn matrix, and P and
Q be nxp matrices

 A(CP) = (AC)P
kXm mXn nXp kXm mXn nXp
mXnXp kXmXn
III
kXm mXp kXmXp kXn nX kXnXp

10° 10°



Practical Issue - GPU

10000 10000

10000

Multiplying two 10000 X 10000 matrices

(GTX 980 Ti) More than 20 times faster
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