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What can we find
from RREF?

RREF v.s. Linear
Combination



Column Correspondence
Theorem

RREF
A=[a; - ay] >R =[ry - Ty

|f a; is a linear rj is a linear combination of the

combination of :> corresponding columns of R with
other columns of A the same coefficients

a; is a linear combination of the |f r; is a linear

corresponding columns of A <: comblnatlon of
with the same coefficients other columns of R




Column Correspondence
Theorem - Example

a, a, a3 a; a; a; rp r, ryg r, I
1 2 -1 2 1 2 1 2 0 0 -1

-1 -2 1 2 3 6 0 01 0 0
A_24—3203 R_00011
-3 -6 2 0 3 9 0 0 0 0 O

a, = 2a, () 1, =2,

a;=—a;+a, () r;=-r+r,




Column Correspondence
Theorem — Intuitive Reason

a, +a, = as

6 9 15]
’ d1+d2—d3
b1+b2=b3‘ 5 2 1 15
9 2 11 ‘ _ 8 0 g
B=18 0 8] 3 —7 —4
6 9 15 c1+ €2 = C3

12 18 30
C=]18 0 8
9 2 11

Column Correspondence Theorem (Column FEﬁEl/j;)

HEE row elementary operatlon 2 column &Y AN [F]

A T ok s A 52




Column Correspondence
Theorem — More Formal Reason

* Before we start:

RREF
Augmented Matrix: [A b] > [R bl]

. . RREF
Coefficient Matrix: A ) R
1 2 -1 2 1]27 12 0 0 —1|-5
-1 -2 1 2 316 001 0 0
2 4 -3 2 013 O 0 0 1 1 2
-3 -6 2 0 39 | 10 0 0 0 0 0
[A D] [R b']




Column Correspondence
Theorem — More Formal Reason

e The RREF of matrix A is R
Ax = b and Rx = b have
the same solution set?

* The RREF of augmented matrix [A b]is[R b’]

Ax = b and Rx = b’ have
the same solution set

e The RREF of matrix Ais R

Ax = 0 and Rx = 0 have
the same solution set then b’ = 0.




Column Correspondence
Theorem

e The RREF of matrix Ais R, Ax = 0 and Rx = 0 have
the same solution set

a, a, a; a, a; ag rpr,rr, ro I
1 2 -1 2 1 27 1 2 0 0 -1 —5 |
1 -2 1 2 3 6 0 01 0 0 -3
Ad=145 4 3 2 0 3 B=10 001 1 2
-3 -6 2 0 3 9 0000 0 0
a, = 2a, 2 2 r,=2r,

Ax =0

& .o &
-2a,+a,=0 {mmm) &) -2r+r,=0
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Column Correspondence
Theorem

* The RREF of matrix Ais R, Ax = 0 and Rx = 0 have
the same solution set

a; 4, a3 a; a; dg rh r, r3 rp rg g
1 2 -1 2 1 27 1 2 0 0 -1 —5 |
1 -2 1 2 3 6 0010 0 -3
Ad=145 4 3 2 0 3 B=10 001 1 2
-3 6 2 0 3 9 0000 0 0
1 -1
a. = —a,+a re = —r,+r
> At Ax=0 [0 Rx=0 |0 i S
 : : : g

a,-a,+a;=0 {mmm) T <:>X | @ 11,4520
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How about Rows?

* Are there row correspondence theorem? NO

1 2 -1 2 1 2 1 2 0 0 -1 =5
-1 -2 1 2 3 6 o o0 1 0 0 =3
A= 2 4 -3 2 0 3 ft = 0O 0 0 1 1 2
-3 6 2 0 3 9 00000 0 O
— _ a}j — _ 1"711
T T
A= az — R = 2 —;
as r3
! al —. i r, —
Spaniay, az,az,as} = Span{rq,ry, 13,14}

Are they the same?




Span of Columns

1 2 -1 2 1 2 1 20 0 —1

-1 -2 1 2 3 6 001 0 0

4= 2 4 -3 2 0 3 = 0O 0 0 1 1

3 6 2 0 3 9 00 0 0 0
A:[dl a6] R:[r1
Span{a1, -+ ,Q¢} Span {T'1,

Are they the same?

The elementary row operations change the

span of columns.




NOTE

* Original Matrix v.s. RREF
* Columns:

* The relations between the columns are the
same.

* The span of the columns are different.

* Rows:
* The relations between the rows are changed.
* The span of the rows are the same.



What can we find
from RREF?

RREF v.s. Independent



Column Correspondence
Theorem

Mfﬂns Leading entries
1|2 (=121 27 @2/ 0 —1
-1 -2 11|23 6 0 O 0
A= 2 4 =312 10 3 k= 0O 0 O 1
-3 6| 2]|[o|3 9 0000 0
linear linear
independent independent

_5
—3
2
0

The pivot columns are linear independent.



Column Correspondence

Theore M You can prove unique RREF by
these properties

ans Leading entries
1|2 (=121 27 '@2/0—1—5'
—1|-2] 1123 6 0 0 0 -3
4= 2 4 | =3(12 (0 3 h= 0 0 O 1 2

-3 -6 2/[0[3 9] 0000 0 0
a, = 2a, r,=2r,

a. = —a,+a, ro=—r+r,

a, = —b5a;—3a;+2a, re = —5r;—3r;+2r,

The non-pivot columns are the linear combination of the

previous pivot columns.




Column Correspondence
Theorem

Given the pivot columns of a

matrix and its RREF, we can

pivot columns reconstruct the whole matrix.

1 —1|| 2 1 2 0 0 —1 =5
—1 1|2 o 0 1 0 0 =3
4= 2 —3| 2 = 0 0 0 1 1 2
|3 2110 ] 00 0 0 O 0
a, = 2a, r,=2r,

a; = —5a;—3a;+2a, re = —5r,;—3r;+2r,



Independent

The columns are
independent

pivot columns

Every column in

RREF(A) is standard
vector.

3X3

X X X
[* X *]
X X *

Columns are linear
independent

RREF 1
ldentity
matrix




Independent %3

[k >3 >3

*x k%

The columns are * ok %

independent k% %
‘ Columns are linear

independent
pivot cons RREF 1

Every column in
RREF(A) is standard
vector.

|

|



Independent

The columns are
independent

pivot columns

Every column in

RREF(A) is standard
vector.

Co

3X4

independent -

RREFI C.annot be a
lprOt column




Independent

The columns are
dependent

Dependent or
Independent?

More than 3 vectors in R® must be dependent.

More than m vectors in R™ must be dependent.



What can we find
from RREF?

RREF v.s. Rank



Pivot » Leading Non-zero
Ra N k column Entry row
Maximum number of 1 2 -1 2 1 2
Independent Columns A — -1 -2 1 2 3 6
2 4 -3 2 0 3
|l -3 -6 2 0 3 9
=7
Number of Pivot Rank =7 3

Column — )

112100} -1 =5

|l r_lOfOfL|o] O -3

Oy OJOJ1} 1 2

Number of Non-zero olololol o o

FOWSs




Properties of Rank from RREF

Maximum number of

R i A » Rank A < Number of columns
n $

Number of Pivot Rank A < Min( Number of

Column columns, Number of rows)

Number of Non-zero

» Rank A < Number of rows

FOWSs




Properties of Rank from RREF

Matrix A is full rank

* Given a mxn matrix A:
* Rank A < min(m, n)

e Because “the columns of A are independent” is
equivalent to “rank A=n"

* If m < n, the columns of A is dependent.

Xk k k k 3 k k k
Xk k Xk Xk k k k Xk
3X4 A matrix set has 4 vectors

RankA <3 belonging to R3is dependent

* In R™, you cannot find more than m vectors that are
independent.

if Rank A = min(m,n)




Basic, Free Variables v.s. Rank

Ax =0b
r1 +2x9— x3 +2x4+515=2 T1+2x9 —T5=-9

—x1 —2T9+ s —|-2£U4—|—3$5:6 X3 =—3
2x1 +4x9—3x3+ 214 =3 Ta+x5= 2
—3x1 — 6219+ 213 +3x5=9 —06
T 2 -1 2 5|27 11 2 0 0o —1[-5]
-1 -2 1 2 3|6 » O 0 1 0 O0}f1-3

2 4 -3 2 03 0O 0 0 1 1 2
-3 =6 2 o0 39| 0000 of|lo]
b RREF(4) D’

A
] ] r1=—9—2x9 + 5
rank B non-zerorow Bl 3 basic variables

nullit NORCOIMAS 2 free variables ra”
Y Bl on-zero row | Ta=2 =25




Rank

Rank Maximum number of Number of Pivc
Independent Columns

Number of Basic
Variables

Number of Non-zero

rows

Nullity = no. column - rank
7\ \

/\

ero rows

Number - Number of Free

Equations
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Consistent or not

e Given Ax=b, if the reduced row echelon form of [ A
blis ]
!
b is in the span of
0 the columns of A

e Given Ax=b, if the reduced row echelon form of [ A

o OO =

O O~ O

O O NN W
)

blis ¢ _
N
0O 1 2 0
100 0 1] b is NOT in the span
O 0 0 0 of the columns of A

O'_X1+O‘x2+0‘x3=1



Consistent or not

Ax =b is inconsistent (no solution)

The RREF of [A b] is

Only the last
column is non-zero

oA s ank 10



Consistent or not

Ax =b is consistent for every b

$

RREF of [A b] cannot have a row whose
only non-zero entry is at the last column

$

RREF of A cannot have zero row

$

Rank A = no. of rows



* X X *

e-g. X k k X
Consistent or not [ ]

* X X *

3 independent columns

Ax =b is consistent
r ek “ Rank A = no. of rows

Every b is in the span of the columns of

A=Ay - Qg
Every b belongs to Span{a, - ,an}
Span{ai, - ,ap}=R™

m independent vectors can span R™

“ More than m vectors in R™ must be dependent.



m independent vectors More than m vectors in
can span R™ R™ must be dependent.

» Consider R2 t a

—_ )

1
} : { —2 } } generate R37
1 yes

nt

M

independ



Full Rank: Rank =n & Rank = m

* The size of A is mxn
Rank A=n

A is square or =78

J

AX = b has at most
one solution

RREF of A: [ é ] «

The columns of A are
linearly independent.

¥

All columns are pivot
columns.




Full Rank: Rank =n & Rank = m

* The size of A is mxn

Rank A=m

[oTo ] R
olofo 8

Every row of R contains a pivot position (leading entry).

A is square or Z&[¥

AxX = b always have solution (at least one solution) for
every b in R™.

The columns of A generate R™.
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