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We also know how
to involve hidden

Structured Learning N

Problem 1: Evaluation
F(x,y) =w-¢(x,y)

Problem 2: Inference
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Problem 3: Training
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Difficulties

Difficulty 1. Evaluation » Graph

2 3 A

ical Model

§

F(x,y) =w-¢(x,y) I 2] “[23][04] [15]

b (x,y) (rezrzslEEsorppreo

Hard to figure out? Hard to interpret the meaning?

Difficulty 2. Inference » Gibbs Sampling

We can use Viterbi algorithm to deal with sequence
labeling. How about other cases?



Graphical Model

A language which describes the
evaluation function



Graphical Model

F(x,y) “ Graph

* Define and describe your evaluation function F(x,y)
by a graph
* There are three kinds of graphical model.

e Factor graph, Markov Random Field (MRF) and
Bayesian Network (BN)

* Only factor graph and MRF will be briefly
mentioned today.



Decompose F(Xx,y)

* F(x,y) is originally a global function
* Define over the whole x and y

* Based on graphical model, F(x, y) is the
composition of some local functions

* x and y are decomposed into smaller
components

* Each local function defines on only a few related
components in x and y

* Which components are related - defined by
Graphical model



Decomposable x and y

* X and y are decomposed into smaller components

POS Tagging fword)
X1 X3 X3 X4 /

x: John saw the saw. X0 Xy U X X3 Xy
Yi Yo Y3 VY4 '

v: PN V D N y: Y1 Y, Y3 Ys



Each factor influences some
components.

Factor Graph

Each factor corresponds to a local
function.

factor a factorb factor c
fax,y1)  fo(x2,¥1,52)  fa(y2)
Larger value means more compatible.

F(x,y) = fa(x1,y1) + fp(x2,y1,¥2) + fc(v2)

You only have to define the factors.
The local functions of the factors are learned from data.



Factor Graph - Example

* Image De-noising

Each pixel is one component

Noisy image
X "

Clean image
y

http://cs.stanford.edu/people/karpathy/visml/ising _example.html



http://cs.stanford.edu/people/karpathy/visml/ising_example.html

Factor Graph - Example

Noisy and clean images are related
> a: the values of x, and v,

The colors in the clean image is smooth.
» b: the values of the neighboring y.

Factor:

]
L x =y
noisy fa(xi,yi) = 1—1 X; £ Vi
image ,
2 Y=Y
foveyi) =123 5 » ”
cleaned The weights can be

image learned from data.




Factor Graph - Example

Noisy and clean images are related
> a: the values of x, and v,

The colors in the clean image is smooth.
» b: the values of the neighboring y.

Factor:

Realize F(x,y) easily
from the factor graph

noisy
image 4
F(x,y)= Z fa(xi, yi)
i=1
+ (1, ¥2) + fo (Y1, V3)
cleaned

. +fp V2, y4) + f5(V3,V4)
image




Factor Graph - Example

Factor: 3 c: the values of x; and the values of the
neighboring y.
» d: the values of the neighboring x. and the values
of y,

fe(xi, v, ¥ie1)
faCxi,xi—1, 1)

fe(Xi, Xi—1, Vi, Vi—1)




Markov Random Field (MRF)

Cligue: a set of components connecting to each other

Maximum Clique: a clique that is not included by
other cliques




M R F Each maximum clique on the graph
corresponds to a factor

MRF Factor Graph
A — B ‘ A B
f(4,B)
/N D @ @
A (e —) %,B’ .
B — D



Evaluation Function

fa(A:B) +fb (A,D) +fC(Br C) +fd(CJD:E) +fe(E,F, G)




Training

b
i

F(x,y) = fo(x1,%2,y1) + f(¥1,¥2)
= Wq * Pq (X1, X2, Y1) +wy - ¢y (¥4, ¥2)

_ Wa] ba(x1,%2, Y1) Simply training by
Wpll ¢p(y1,Y2) structured perceptron
or structured SVM
=w-d(x,y)

Max-Margin Markov Networks (M3N)



Training

b
i

F(x,y) = fa(x1,x2,¥1) + Zb(;ZJ»;Zz)
= Wg * $q(x1,%2,¥1) TWwp - 2@(}_’1;;22)

V1, y2€{+1, -1}

v v 0wy Wy
+1 +1 W, 1
+1 -1 w, Wy = w2
-1 +1 W3 W3
1 1 W, Wy |

¢b(+1, +1) —

¢b(+1i _1) =

¢b(_1; +1) =

¢b(_1; _1) —

}—xooo::ouoo::oouc::ooou:




Now can you interpret this?

d(x,y) 1.2|2.612.7|2.3[1.5|2.5i01001 1]0]0]J0




Probability Point of View

* F'(x,y) can be any real number
* If you like probability

Between 0 and 1 oF () —» To be positive

POoy) = Zx,y, eF(x",y") ==p normalization
P(x,y)
P(y|x) — P(x) eF(x,y)
P(x,y) Yoyref ) oF(xy)
B Zyn P(x,y”) B S eF(x»y,’) - Zy” eF(x,y")

Zy” x,y F(x’,y,)



Gibbs Sampling

Inference for the dumb



(01 x; =y Inference:
fa(xi, i) = {_0_1 X; # Vi y = arg max F(X }I)
Yy

R G
b yl,y] _05 yl * y] }71;)72; Y3; }’4 — _1)_1;_1)_1
Given input noisy image x =) F(x,y) =22  max

X1,X2, X3, Xy = —1,—1,—1,1 Y1,Y2,Y¥Y3, Y4 = 1;1;1;1

=) F(x,y)=138
V1, ¥2, Y3, Y4 = —11,1,-1

) F(x,y) =—2.2

Enumerate all possible y

Design an efficient algorithm
to do that is not always easy.




Sampling?

Probability point of view:

eF(x.y)
P(x,y) = v
ZX’,)” eF(x V)
eF(xy)
P(ylx) = S PGy Indepindent o« F(x,y)
e e ory

y = arg max F(x,y) = ¥y =argmaxP(y|x)
y



Sampling?

Probability P(y|x)

y = argmax P(y|x)
y

Sample from the

* P(y|x) is a distribution distribution ......
Given x1,X,, X3, x4, = —1,—-1,—1,1 -1,-1,-1,-1
0.35
o Y1,Y2, Y3, Ya = LLL1
' -1,—-1,-1,—-1 1 -1 —
0.25
0o Y1,Y2, Y3, Ya = -1,-1,-1,-1
1,1,1,1 11,1,1
0.15
-1,—-1,—-1,-1
0.1
0.05 B S
0 . — — -1,-1,-1,-1

Max probability
Inference result



eF(x.y)

: P(ylx) =
Sampling? %, eFEy™
Sample from the
* P(y|x) is a distribution distribution ......
Given xq,X,, X3, x4, = —1,—-1,—1,1 -1,-1,—-1,-1
0.35
Vi Y2, 3, s = o111
-L-1-1-1 Conei-nn
-1,-1,-1,-1
L1111 |

Probability P(y|x)

-1,-1,-1,-1
Max probability
Inference result




Gibbs Sampling

* There is a probability distribution P(y|x)

° y = {y]_l y2/ ceey yN}

* We want to sample from P(y|x), but it is too
complex to do that

* However, P(y;|Yy, Yo - Yiws Yiers - Yo X) €2N be
computed

* We can sample from P(y|x) by Gibbs sampling



Gibbs Sampling

yO = {y? 93 ... y2} €=m Initialization
Fort=1toT:{=m T samples
Vi~PO Yy, =y5 Y3 =y L Ya =Yi Yy = YN LX)
Vi~PYalyr = VL, ¥3 =y Lya =i Lo YN = YN S X)
o p( _ ot _ ot _ b1 — yi=1 x)
Y3 . Y3lVi = VY2 =VuYa=Ys YN —=YN

Vu~Pnlyr = V1, Y2 = V5, Y3 = V5, Y1 = Vi_1,X)
Get a sample: yt = {J’1t»3’5» "'»3/11{/}

¥

yl %, y3,.., 9T « As sampling from P(y|x)




Gibbs Sampling

* IS P(yilyll y21 Y yi-1) yi+1/ Y yN/x) easy to be

computed?

eF(xy)

P(ylx) =

Zyr, eF(x’y”) m—

y;e{+1,—1}m) 2N possible y

Enumerate all possible y
may not be tractable

P(yilyl;y2; S Yi-1v Yi+1 "'Jlex)

Yi

yie{+1,—1}m) 2 possible y;

’ .
Y eF(x,y_i,y,;)l Enumerate all possible

y; may be tractable



Initialization  vy.,y,,v3, V. =—1,—1,—1,1

Sample from P(y|x)
by Gibbs sampling




Sample y, given all the other variables
Vi~P1ly-1,x)  Y-1=1{y2,¥3,Va}

()

0. 0.1
° 1 ° P(x,y)

-0.1

‘0.1

-0.5

?Ql/ -0.5

-0.5
-0.5

@ eF(x.y)

Zx, y, eF(x’;y,)

Compute P(y; = 1|y_4,%) and P(y; = —1|y_1, %)
P(x')/1 — 1'y—1)

P(yl = 1|y_1,x) —

elF(xiylzlly—l) = -18

=-1.8

efxy1=1y_1)| 4 oFx,y1=—1y_1)

P(nyl — 1,)’_1) +P(x»)’1 — _1'y—1)



Sample y, given all the other variables
Vi~P1ly-1,x)  Y-1=1{y2,¥3,Va}

o
o O
(0

‘o 1
0.5

0.5

00—
?

Compute P(y; = 1|y_4,%) and P(y; = —1|y_1, %)
P(x'yl — 1'y—1)

-0.5

P(yl = 1|y—11x) —

efFxy1=1y_1)|+ gF(xy1=—1y_1) Random
- .18 =0.4 sample

P(nyl — 1,}’_1) +P(x:)’1 — _1'y—1)

eFeyi=ly-ul =18 = 0,10 n—) v,



Sample y, given all the other variables

yZNP(yZDI—ZJx)

P(x,yz — 1'y—2)

P(y, = 1|y_2,x) =
(YZ |y 2 'x) P(x’yz = 1,y_2) + P(x;yz — _1:)’—2)

eb:(xryZ:lry—Zﬂ :OZ

- elF(x,y2=1,y_2)| -|— eF(xiy2=_1'y—Z)
=0.2




Sample y, given all the other variables

y2~P(y;|y-2,x)

P(x,yz — 1'y—2)

P(y, = 1|y_2,x) =
(YZ |y 2 'x) P(x’yz = 1,y_2) + P(x;yz — _1:)’—2)

eb:(xryZ:lry—Zﬂ :OZ

- elF(x,y2=1,y_2)| -|— ep (x,y2=_1,y—2)|

0.2 =0.4




Sample y, given all the other variables

yZNP(yZDI—ZJx)

o -
yz?

o
5/

P(x,yz — 1'y—2)
P(x,y, =1,y_2)+P(x,y, =—1,y_3)

) eFey=1y2) =02 = (45 EEE— ), = 1
T Fya=Ly—2) + gF By2=—1y—_2)| Random

0.2 =0.4 sample

P(yZ — 1|y_2,X) —




Sample y; given all the other variables

y3~P(y3|y_3,x)

o
o o
e

0
P(y; =1]y_3,x) =? 0.45

) ) = —1

Random sample




Sample y, given all the other variables

y4~P(y4|y—4-r x)

o l? i
o

Get 1-st sample y,=-1, y,=1, y,=-1, y,=-1

?




/0

|
P

Get 1-st sample y,=-1, y,=1, y,=-1, y,=-1

Get 2-nd sample y,=-1, y,=-1, y,=-1, y,=-1



Get 1-st sample y,=-1, y,=1, y;=-1, y,=-1
Get 2-nd sample y,=-1, y,=-1, y,=-1, y,=-1
Get 3-rd sample y,=1, y,=1, y;=-1, y,=1

Get 4-th sampley,=-1, y,=1, y,=-1, y,=1

Get 5-th sample y,=1, y,=1, y,=1, y,=1

Until you want to stop




P(y*|x)=0.33 P(y?|x)=0.22 P(y€|x)=0.004
yA B £ Va C
e 0l L { o
No. of samples yA ﬁ

10 2 3 0
100 23 37 0
1000 315 230 3
10000 3307 2225 40
100000 32637 22129 422

— /

P(yA|x) =0.33  P(y8|x)=0.22  P(y¢|x)=0.004

From sampling: y* would be the results of inference.



How about starting from different initialization?
Not really change the final results.

No.ofsomples | A | B | C

Starting from ... 10 3 1 0
100 40 11 1
Q;A._/o 1000 331 237 2
10000 3251 | 2176 31
100000 32911 | 21845 385

Noofsamples | A_| B | ¢
10 0)

Starting from ... 3 0
- : 100 28 31 0
04 1000 318 226 2
10000 3277 | 2169 46
100000 32319 | 21751 393




All rivers run into the sea.

http://www.juergenwiki.de/work/wiki/doku.php?id=public:mcmc




Practical Suggestion

* “burn-in”

* “burn-in” period: The first few of samples would be
influenced by the initialization

* Discard the samples in the “burn-in” period
* Modify the sampling distribution c>1
eF(xry—i'yi)X C

PWilyu, Y2 Yi—uYitv1 YN X) = ,
Wily, y2 Yi-1,Yi+1 YN, X) y CeF(xy-iyi) Xc
Yi

XcC
Increase c after
jl> each interaction




Gibbs Sampling

A little bit of theory



Gibbs Sampling

Gibbs sampling from a distribution P(z) ( z = {z,,...,z\} )
= {Zf,Zg, ’ZI(\),}
Fort=1toT:
2i~P(z1)|z, =257 Y23 =25 Y2y = 25t zy = 25 )
[, Z3 =25 1,24 =275 ', ,Zy = Z§ 1)

Z§~P(Zz|zl — 7
Z§~P(23|Z1 = Zf,Zz — 25:24 = Zi_l» L, ZN = szl_l)

t ot ot ot ot
ZN"’P(ZN|Z1 — 21,2y = Zp,Z3 = Z3, """y ZN—1 = ZN—1)

Output: zt = {Zf,Zg, “‘;Zﬁ/}

1,2 « As sampling from P(z) why?

ZZZ




Markov Chain @

[ ]
Three cities A, Band C - ml




With sufficient samples ......

‘ A:B:C=0.6:0.2:0.2
Ivl d rkOV Ch dln (independent of the starting city)

10000 days 10000 days 10000 days




0
Markov Chain O b o>

P(A)=0.6
P(B)=0.2 1/6 1/2
PECi 0.2 N /2 172 -
— 0.2
0.6 & 16 I
Stationary “ B
Distribution 2/3 O 1/2 @
2/3 0.6 1/2 0.2 1/2 0.2 0.6

P-(A|A)P(A) + P-(A|B)P(B) + P;(A|C)P(C) = P(A)
P;(B|A)P(A) + Pr(B|B)P(B) + P;(B|C)P(C) = P(B)
P-(C|A)P(A) + P;(C|B)P(B) + P;(C|C)P(C) = P(C)

The distribution will not change.




Markov Chain

A Markov Chain can have Dl
multiple stationary distributions. g

» Reaching which stationary
1

distribution depends on starting state 01

The Markov Chain fulfill some conditions will have
unique stationary distribution.

P.(s"|s) for any states Unique stationary
s and s’ is not zero j|> distribution

(sufficient but not
necessary condition)




Markov Chain
from Gibbs Sampling

Gibbs sampling from a distribution P(z) ( z = {z,,...,z\} )

0 _¢.0 .0 0

YA —{Zl,Zz,"',ZN}

Fort=1toT:
t _ . t-1 _ . t-1 _ . t-1 _ t-1
21~P(2q|2p =237 " 23 =23 ", 24 = 24", ,Zy = Zy )

t ot _ t-1 _t-1 _t-1
Z5~P(2y|z1 = 721,23 = 25 ~,24 = Z5 ", Zy = Zy )

1

t _ .t .t = _ t—1
Z3"’P(23|Z1 = Z1,Zy = Zy,Zy = Zy T, ,ZN = Zy )

t .t Lt ot ot
ZN"'P(ZN|21 — 21,4y = Zp,43 = Z3,""" IN—1 = ZN—1)

Output: zt = {Zf,ZS, “°,sz/}

‘ » This is a Markov Chain

z 72 73 2T

— e B 7t only depend on z%?




Markov Chain
from Gibbs Sampling

Gibbs sampling from a distribution P(z) ( z = {z,,...,z\} )

0 _¢.0 .0 0

A —{Z1r22»"'rZN}

Fort=1toT:
t _ t-1 _ t—-1 _ t—-1 _ t—-1
21~P(2q|2p =237 " 23 =23 ", 24 = 24", ,Zy = Zy )

t — St — ,t—1 — ,t—1 — ,t—1
ZZNP(Zzlzl —Zl,Z3 —Z3 ,Z4.—Z ;'”;ZN _ZN )

1

t N e _ t-1
23~P(z3|21 = 21,2, = 23,24 = 75 ~,*,Zy = Zy )

t .t Lt ot ot
ZN"'P(ZN|21 — 21,4y = Zp,43 = Z3,""" IN—1 = ZN—1)

Output: zt = {Zf,ZS, “°,sz/}

N 4

R r Proof that the Markov chain has unique
z,2°,2°,..,2 : et ich i
S A stationary distribution which is P(z).



Markov Chain
from Gibbs Sampling

* Markov chain from Gibbs sampling has unique
stationary distribution?  Yes

* Pr(z"|z) > 0, forany zand 7’

t — ,t—1 — ,t—1 — ,t—1 \
21~P(z1|2; = 237,23 =237, ,zy = 2y )
- _t o t-1 _t-1 None of the
7o~Pza|zy = 20,25 = 75 2y = ) conditional
t — St — ,t _ ,t—1
Z3~P(Z3 21 = 21,4y = Zp," ", LN = Zy ) > probabmty IS
Zero
t — St — St — St
Z2y~P(znlzy = 21,25 = 25, ZNy 1 = Zy_1) )

can be any z¢



Markov Chain
from Gibbs Sampling

* Show that P(z) is a stationary distribution

Y Pr(z'12) P@) = P(Z')

PT(Z’|Z) = P(Zi ZZ,Z3,Z4,"',ZN)

!/ !
X P(ZZ 21,43, 2Z4, °°°;ZN)

Iy
X P(ZB 21,29, Z4, "';ZN)

X P(zy|2z1, 23,23, ZN-1)

There is only one stationary distribution
for Gibbs sampling, so we are done.



Thank you for your attention!
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