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Basic Idea of GAN

ÅThe data we want to generate has a distribution 
ὖ ὼ

ὖ ὼ
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Basic Idea of GAN

ÅA generator G is a network. The network defines a 
probability distribution. 

generator 
Gᾀ ὼ Ὃᾀ

Normal 
Distribution

ὖ ὼ ὖ ὼ

As close as 
possible

https://blog.openai.com/generative-models/

It is difficult to compute ὖ ὼ

We can only sample from the 
distribution.
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related to JS divergence.
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Intuition

ÅDiscriminator leads the generator 

Ὀὼ Ὀὼ

Ὀὼ
Ὀὼ

Discriminator

Data (target) distribution

Generated distribution



Original GAN The discriminator is flat 
in the end.

Source: https://www.youtube.com/watch?v=ebMei6bYeWw(credit: Benjamin Striner)

https://www.youtube.com/watch?v=ebMei6bYeWw


ÅIn each training iteration:

ÅSample m examples ὼȟὼȟȣȟὼ from data distribution 
ὖ ὼ

ÅSample m noise samples ᾀȟᾀȟȣȟᾀ from the prior 
ὖ ᾀ

ÅObtaining generated data ὼȟὼȟȣȟὼ , ὼ Ὃᾀ

ÅUpdate discriminator parameters — to maximize 

Åὠ В ὰέὫὈὼ В ὰέὫρ Ὀὼ

Å— ᴺ— –ὠ—

ÅSample another m noise samples ᾀȟᾀȟȣȟᾀ from the 
prior ὖ ᾀ

ÅUpdate generator parameters — to minimize

Åὠ В ὰέὫὈὼ В ὰέὫρ Ὀ Ὃᾀ

Å—ᴺ— –ὠ—

Algorithm

Repeat 
k times

Learning 
D

Learning 
G

Initialize — for D and — for G

Only 
Once
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Reference

ÅSebastian Nowozin, Botond Cseke, Ryota
Tomioka, òf-GAN: Training Generative Neural 
Samplers using VariationalDivergence 
Minimizationó, NIPS, 2016

ÅOne sentence: you can use any f-divergence
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Ὀ ὖȿȿὗ ήὼὪ
ὴὼ

ήὼ
Ὠὼ

f is convex

f(1) = 0

f-divergence

If ὴὼ ήὼ for all ὼ

Ὀ ὖȿȿὗ ήὼὪ
ὴὼ

ήὼ
Ὠὼ π

Ὀ ὖȿȿὗ ήὼὪ
ὴὼ

ήὼ
Ὠὼ

Ὢ ήὼ
ὴὼ

ήὼ
Ὠὼ

Ὢρ π

= 0

Because f 
is convex

ὖand ὗare two distributions. ὴὼ and Ñὼ
are the probability of sampling ὼ.   

= 1

If P and Q are the same 
distributions, 

Ὀ ὖȿȿὗ has the 

smallest value, which is 0

Ὀ ὖȿȿὗ evaluates the 

difference of P and Q

smallest



Ὀ ὖȿȿὗ ήὼὪ
ὴὼ

ήὼ
Ὠὼ

f is convex

f(1) = 0

f-divergence

Ὢὼ ὼ ρ

Ὀ ὖȿȿὗ ήὼ
ὴὼ

ήὼ
ρ Ὠὼ

ὴὼ ήὼ

ήὼ
Ὠὼ

Ὀ ὖȿȿὗ ήὼ
ὴὼ

ήὼ
ὰέὫ

ὴὼ

ήὼ
Ὠὼ

Ὢὼ ὼὰέὫὼ

ὴὼὰέὫ
ὴὼ

ήὼ
Ὠὼ

KL

Ὢὼ ὰέὫὼ

Ὀ ὖȿȿὗ ήὼ ὰέὫ
ὴὼ

ήὼ
Ὠὼ ήὼὰέὫ

ήὼ

ὴὼ
Ὠὼ

Reverse KL

Chi Square
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FenchelConjugate

ÅEvery convex function f has a conjugate function f*

Ὢᶻὸ ÍÁØ
ᶰ

ὼὸὪὼ

ὼὸ Ὢὼ

ὼὸ Ὢὼ

ὸὸ ὸ

Ὢz ὸ

Ὢᶻὸ

Ὀ ὖȿȿὗ ήὼὪ
ὴὼ

ήὼ
Ὠὼ

f is convex, f(1) = 0

ὼὸ Ὢὼ

ÍÁØ
ᶰ

ὼὸ Ὢὼ

Ὢᶻὸ

ὼὸ Ὢὼ

ὼὸ Ὢὼ

ὼὸ Ὢὼ

Ὢᶻὸ ÍÁØ
ᶰ

ὼὸ Ὢὼ



FenchelConjugate

ÅEvery convex function f has a conjugate function f*

Ὢᶻὸ ÍÁØ
ᶰ

ὼὸὪὼ

ὼὸ Ὢὼ

ὼὸ Ὢὼ

ὼὸ Ὢὼ

ὸὸ ὸ

Ὢᶻὸ Ὢz ὸ

Ὀ ὖȿȿὗ ήὼὪ
ὴὼ

ήὼ
Ὠὼ

f is convex, f(1) = 0



FenchelConjugate

ÅEvery convex function f has a conjugate function f*

Ὢὼ ὼὰέὫὼ

млǘςмлƭƻƎмл

мǘςмƭƻƎм

лΦмǘςлΦмƭƻƎлΦм

Something like 
exponential?

Ὢz ὸ Ὡὼὴὸ ρ

Ὢᶻὸ ÍÁØ
ᶰ

ὼὸὪὼ

= 1t ς0



FenchelConjugate

ÅEvery convex function f has a conjugate function f*

Å(f*)* = f

Ὢz ὸ ÍÁØ
ᶰ

ὼὸὼὰέὫὼ

ὸ ὰέὫὼρ π

Ὢᶻὸ ÍÁØ
ᶰ

ὼὸὪὼ

Ὢὼ ὼὰέὫὼ Ὢᶻὸ Ὡὼὴὸ ρ

Ὣὼ ὼὸὼὰέὫὼGiven t, find x maximizing Ὣὼ

ὼ Ὡὼὴὸ ρ

Ὢᶻὸ Ὡὼὴὸ ρ ὸ Ὡὼὴὸ ρ ὸ ρ Ὡὼὴὸ ρ
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Ὢᶻὸ ÓÕÐ
ᶰ

ὼὸὪὼ Ὢὼ ÍÁØ
ᶰ ᶻ

ὼὸὪᶻὸ

Ὀ ὖȿȿὗ ήὼὪ
ὴὼ

ήὼ
Ὠὼ

ήὼ ÍÁØ
ᶰ ᶻ

ὴὼ

ήὼ
ὸ Ὢᶻὸ Ὠὼ

ὴὼ

ήὼ

ὴὼ

ήὼ

$is a function 
whose input is x, 
and output is t

Connection with GAN

ὴὼὈὼὨὼ ήὼὪz Ὀὼ Ὠὼ

Ὀ ὖȿȿὗ ήὼ
ὴὼ

ήὼ
Ὀὼ Ὢz Ὀὼ Ὠὼ

ÍÁØὴὼὈὼὨὼ ήὼὪᶻὈὼ Ὠὼ



Connection with GAN

Ὀ ὖȿȿὗ ÍÁØὴὼὈὼὨὼ ήὼὪz Ὀὼ Ὠὼ

ÍÁØὉͯ Ὀὼ Ὁͯ ὪᶻὈὼ

Samples from P Samples from Q

Ὀ ὖ ȿȿὖ ÍÁØὉͯ Ὀὼ Ὁͯ ὪᶻὈὼ

Ὃᶻ ὥὶὫÍÉÎὈ ὖ ȿȿὖ

familiar? J

ὥὶὫÍÉÎÍÁØὉͯ Ὀὼ Ὁͯ Ὢz Ὀὼ

ὥὶὫÍÉÎÍÁØὠὋȟὈ

Original GAN has 
different V(G,D)



Double-loop v.s. Single-step

ÅOriginal paper of GAN: double-loop algorithm 
ÅIn each iteration
ÅGiven a generator —,   — ὥὶὫÍÁØὠ—ȟ—

ÅUpdate the parameters many times to find —
ÅUpdate generator once: 

Å— ᴺ— – ὠ—ȟ—

ÅPaper of f-GAN: Single-step algorithm
ÅIn each iteration, given — and —

Å— ᴺ— – ὠ—ȟ—

Å— ᴺ— – ὠ—ȟ—

Ὃz ὥὶὫÍÉÎÍÁØὠὋȟὈ

Inner Loop

One Backpropogation

Outer Loop

Ὃz ὥὶὫÍÉÎÍÁØὠ—ȟ—



Using the f-divergence 
you like J

Ὀ ὖ ȿȿὖ ÍÁØὉͯ Ὀὼ Ὁͯ ὪᶻὈὼ

https://arxiv.org/pdf/1606.00709.pdf



Experimental Results

ÅApproximate a mixture of Gaussians by single 
mixture
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Reference

ÅMartin Arjovsky, SoumithChintala, Léon Bottou, 
Wasserstein GAN, arXivprepring, 2017

ÅIshaan Gulrajani, FarukAhmed,Martin 
Arjovsky, Vincent Dumoulin, Aaron Courville, 
άLƳǇǊƻǾŜŘ ¢ǊŀƛƴƛƴƎ ƻŦ ²ŀǎǎŜǊǎǘŜƛƴ D!bǎέΣ arXiv
prepring, 2017

ÅhƴŜ ǎŜƴǘŜƴŎŜ ŦƻǊ ²D!bΥ ¦ǎƛƴƎ 9ŀǊǘƘ aƻǾŜǊΩǎ 
Distance to evaluate two distributions

Å9ŀǊǘƘ aƻǾŜǊΩǎ 5ƛǎǘŀƴŎŜ Ґ ²ŀǎǎŜǊǎǘŜƛƴ 5ƛǎǘŀƴŎŜ
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9ŀǊǘƘ aƻǾŜǊΩǎ 5ƛǎǘŀƴŎŜ

ÅConsidering one distribution P as a pile of earth, 
and another distribution Q as the target

ÅThe average distance the earth mover has to move 
the earth.

ὖ ὗ

d

ὡ ὖȟὗ Ὠ



9ŀǊǘƘ aƻǾŜǊΩǎ 5ƛǎǘŀƴŎŜ

Source of image: https://vincentherrmann.github.io/blog/wasserstein/

ὖ

ὗ

¦ǎƛƴƎ ǘƘŜ άƳƻǾƛƴƎ Ǉƭŀƴέ ǿƛǘƘ ǘƘŜ ǎƳŀƭƭŜǎǘ ŀǾŜǊŀƎŜ ŘƛǎǘŀƴŎŜ ǘƻ 
ŘŜŦƛƴŜ ǘƘŜ ŜŀǊǘƘ ƳƻǾŜǊΩǎ ŘƛǎǘŀƴŎŜΦ

¢ƘŜǊŜ Ƴŀƴȅ ǇƻǎǎƛōƭŜ άƳƻǾƛƴƎ ǇƭŀƴǎέΦ 

Smaller 
distance?

Larger 
distance?



9ŀǊǘƘ aƻǾŜǊΩǎ 5ƛǎǘŀƴŎŜ

Source of image: https://vincentherrmann.github.io/blog/wasserstein/

ὖ

ὗ

¦ǎƛƴƎ ǘƘŜ άƳƻǾƛƴƎ Ǉƭŀƴέ ǿƛǘƘ ǘƘŜ ǎƳŀƭƭŜǎǘ ŀǾŜǊŀƎŜ ŘƛǎǘŀƴŎŜ ǘƻ 
ŘŜŦƛƴŜ ǘƘŜ ŜŀǊǘƘ ƳƻǾŜǊΩǎ ŘƛǎǘŀƴŎŜΦ

¢ƘŜǊŜ Ƴŀƴȅ ǇƻǎǎƛōƭŜ άƳƻǾƛƴƎ ǇƭŀƴǎέΦ 

.Ŝǎǘ άƳƻǾƛƴƎ Ǉƭŀƴǎέ 
of this example



! άƳƻǾƛƴƎ Ǉƭŀƴέ ƛǎ ŀ ƳŀǘǊƛȄ

The value of the element is the 
amount of earth from one 
position to another.

moving plan 
All possible plan ɩ

ὄ

ȟ

ὼȟὼ ὼ ὼ

Average distance of a plan :

9ŀǊǘƘ aƻǾŜǊΩǎ 5ƛǎǘŀƴŎŜΥ 

ὡ ὖȟὗ ÍÉÎ
ᶰ
ὄ

The best plan

ὖ

ὗ

ὼ

ὼ



ὖὖ ὖὖ

ὐὛὖ ȟὖ

ὰέὫς

ὖὖΧΧ ΧΧ
Ὠ Ὠ

ὐὛὖ ȟὖ

ὰέὫς

ὐὛὖ ȟὖ

π

ὡ ὖ ȟὖ

Ὠ
ὡ ὖ ȟὖ

Ὠ

ὡ ὖ ȟὖ

π

²Ƙȅ 9ŀǊǘƘ aƻǾŜǊΩǎ 5ƛǎǘŀƴŎŜΚ

Ὀ ὖ ȿȿὖ

ὡ ὖ ȟὖ



Back to the GAN framework
Ὀ ὖ ȿȿὖ

ÍÁØὉͯ Ὀὼ Ὁͯ ὪᶻὈὼ

ὡ ὖ ȟὖ
ÍÁØ

ᶰ
Ὁͯ Ὀὼ Ὁͯ Ὀὼ

Ὢὼ Ὢὼ ὑὼ ὼ

Lipschitz Function

K=1 for ͼρ ὒὭὴίὧὬὭὸᾀͼ

ὡ ὖ ȟὖ

Output 
change

Input 
change ρ ,ÉÐÓÃÈÉÔÚȩ

ρ ,ÉÐÓÃÈÉÔÚȩ

Do not change fast



Back to the GAN framework

ὡ ὖ ȟὖ

ÍÁØ
ᶰ

Ὁͯ Ὀὼ Ὁͯ Ὀὼ

d

Ὀὼ Ὀὼ ὼ ὼ

Ὀὼ
Њ

ὼ ὼ

ὖ ὖ

Ὀὼ
ЊὯὯ Ὠ

ὯὯ Ὠ

WGAN will provide gradient 
to push PG towards Pdata

Blue: D(x) for original GAN
Green: D(x) for WGAN

ὡ ὖ ȟὖ Ὠ



Back to the GAN framework

ὡ ὖ ȟὖ

ÍÁØ
ᶰ

Ὁͯ Ὀὼ Ὁͯ Ὀὼ

How to use gradient descent to optimize?

Weight clipping:
Force the weights w between c and -c

After parameter update, 
if w > c, then w=c; if w<-c, then w=-c

Ὀὼ Ὀὼ ὑὼ ὼ
We only ensure that

For some K

K

K

No clipping

clipping

Do not truly find function D maximizing the function 



ÅIn each training iteration:

ÅSample m examples ὼȟὼȟȣȟὼ from data distribution 
ὖ ὼ

ÅSample m noise samples ᾀȟᾀȟȣȟᾀ from the prior 
ὖ ᾀ

ÅObtaining generated data ὼȟὼȟȣȟὼ , ὼ Ὃᾀ

ÅUpdate discriminator parameters — to maximize 

Åὠ В ὰέὫὈὼ В ὰέὫρ Ὀὼ

Å— ᴺ— –ὠ—

ÅSample another m noise samples ᾀȟᾀȟȣȟᾀ from the 
prior ὖ ᾀ

ÅUpdate generator parameters — to minimize

Åὠ В ὰέὫὈὼ В ὰέὫρ Ὀ Ὃᾀ

Å—ᴺ— –ὠ—

Algorithm of Original GAN

Repeat 
k times

Learning 
D

Learning 
G

Only 
Once

Ὀὼ Ὀὼ

No sigmoid for the output of D

WGAN

Weight clipping

Ὀ Ὃᾀ



CNN generator:

W-GAN GAN

https://arxiv.org/abs/1701.07875

CNN generator (no batch normalization, bad structure):

W-GAN GAN

MLP generator:

W-GAN GAN



https://arxiv.org/abs/1701.07875

Vertical
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ὡ ὖ ȟὖ

ÍÁØ
ᶰ

Ὁͯ Ὀὼ Ὁͯ Ὀὼ

ÍÁØὉͯ Ὀὼ Ὁͯ Ὀὼ

‗᷿ άὥὼπȟὈὼ ρὨὼ}

‗Ὁͯ άὥὼπȟὈὼ ρ }

A differentiable function is 1-Lipschitz if and only if it has 
gradients with norm less than or equal to 1 everywhere.

Ὀὼ ρŦƻǊŀƭƭȄ

Improved WGAN

ὡ ὖ ȟὖ

Ὀᶰρ ὒὭὴίὧὬὭὸᾀ

Prefer Ὀὼ ρfor all x

Prefer Ὀὼ ρfor x sampling from ὼͯ ὖ



Improved WGAN

ὖ ὖ

Only give gradient constraint to the region between ὖ and ὖ
because they influence how ὖ moves to ὖ

‗Ὁͯ άὥὼπȟὈὼ ρ }

ÍÁØὉͯ Ὀὼ Ὁͯ Ὀὼὡ ὖ ȟὖ

ὖ

άGiven that enforcing the Lipschitz constraint everywhere is 
intractable, enforcing it only along these straight lines seems 
ǎǳŦŦƛŎƛŜƴǘ ŀƴŘ ŜȄǇŜǊƛƳŜƴǘŀƭƭȅ ǊŜǎǳƭǘǎ ƛƴ ƎƻƻŘ ǇŜǊŦƻǊƳŀƴŎŜΦέ


