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 Step 1: Function set (Model)

_ f(x)>0 Output=+1
g(x) - f(x) <0 Output=-1

e Step 2: Loss function:

The number of times g

L(f) = EW get incorrect results on

n l(f(x”),j}") training data.

e Step 3: Training by gradient descent is difficult

Gradient descent is possible if g(x) and §(*) is differentiable



~ f(x) >0 Output=+1

Step 2: Loss function g(x) =
f(x) <0 Output=-1

Ideal loss: Approximation:

L) = ), 8g6™ % 5" mp L= ) 1G5

L(f(x™),9™)

Ideal loss 6(g(x™) = 9™)

3 2 1 0 1 2 3

Larger value, smaller loss yf(x)



Step 2: Loss function

1, f(x)closeto1l
—1, f(x)closeto—1

If 7
Square Loss:
If 7

ny __ 1 2
L(fF(x™), ™) = @ f (x™) — 1)? !(f(x )~ 1 L
(—f&x™ —1D* (f(™) +1)
\ L(f(x™),9™) /
\ 2 Square lc

ldeal Ic




Step 2: Loss function

1, a(f(x)) closeto 1
—1, o(f(x))closeto0

(o(f0)) -1)°

If 7
Sigmoid + Square Loss:
If 7

I(F(x™), 9™ = (c(9"f () — 1) |
(o(~f ) =1)" (1-0(f®)-1)" (o))
”‘ Square lass

Ideal loss

ngow+ |
Square loss

-3 -2 -1 0 1

3
nn
Larger value, smaller loss yf(x)



Step 2: Loss function Sigmoid + cross entropy (logistic regression)

P = +1 r o(f(x)) <m— P Ground
~ Cross
P = —1 1 — O'(f(X)) entropy 1.0  Truth

: | -

’ﬂj]?u L(f (x"),ff”)

=] CIE: = In (1 + exp(—)?nf(x)))
Sigmoid + /
cross/entropy i Square lass
Ideal loss
Sigmoid + Divided by
Square loss [ENEF=IEE-S In2 here
FAELE ) SREEE)

| e
Larger value, smaller loss yf(x)



Step 2: Loss function L(f(x™), ™) = max(0,1 — "1 (x))

If ™ =1, max(O,l —f(x)) 1-f(x) <0 fx)>1
fpm = -1, max(01+f(x) 1+fx)<0 flx)<-1
[
Hing
OS:
Sigmoid +
crosslentropy N
Square lass
Ideal loss .
Sigmoid + “\\\
Square loss PMF ()
: ; : T. i | 2

Larger value, smaller loss penalty Good enough



Compared with logistic regression,
linear SVM has different loss function

I_I n ea r SV I\/I Yichuan Tang, “Deep

Deep version: _ o
Learning using Linear Support

Vector Machines”, ICML 2013

 Step 1: Function (Model) E:aa:'neizge\jvgnrliir;rssentation

New w

f(x) =Zwixl-+b = [Vg][’ﬂ — wTy

New X

* Step 2: Loss functic‘)n/ L(f) = z [(F ™), 5™) +Alwll,

convex n \__ \_/
L(F(x™), ™) = max(0,1 — " (x))
e Step 3: gradient descent?

Recall relu, maxout network




Linear SVM — gradient descent

lgnore regularization for simplicity

LD = ) IFGEDIY 1G9 = max(0,1 - 97 f (™)

X

ow; of(xm) | ow; | =wTl - x

L(f (x™),9™) _ Al(f (x™),9™)|f (x™)| n ™)
— T n

~ an an n
amax(O,l _ ynf(xn)) B y lfy f(x ) <1

af(xn) < ¥

0 otherwise
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Linear SVM — another formulation

Minimizing loss function L:

LN =)

+Allwll;

n

e = max(O,l — y"f(x))

e™- slack variable

Quadradic programming
problem

et>0

£ 21— 9" () WP IF () = 1—&"
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Dual Representation

wh = z an,x™ Linear combination of data points

n

a, may be sparse » x™ with non-zero a;; are support vectors

If w initialized as 0
Wew—1 z c(w)x™
c"(w)

Wi < Wi — 772 crw)x > ol(f (x™), ™) Bally=e55s
= of (x™) usually zero

Wk W —1n Z c(w)xy
n

W, < Wp — Uz n(W)x1

c.f. for logistic regression, it

—/ :
IS always non-zZero



Dual Representation

-

94

szanx"=Xa X= ...... a = :2
n

AN

w=Xa

Stepl: f(x)=w'x ‘ fx) =a’XTx

/

/)

[al oo aN]
) =)y 2)
n x! - x]
x? x|~
= z a, K(x", x) :
n -XN * X




Dual Representation

Stepl: f(x) = 2 a, K(x™, x)

n

Step 2, 3: Find{aj, -, an, -, ay}, minimizing loss function L

We don’t really need to

L(f) — Z l(i(xn)’yn) know vector x
n We only need to know the
inner project between a pair
_ I z K n” n) pn of vectors x and z
> (Y eter ).57) o
L R —

Kernel Trick



. Directly computing K (x, z) can be
Ke 'N el Trl C k faster than “feature transformation +

inner product” sometimes.

Kernel trick is useful when we transform all x to ¢(x)

x| z%
K(x,z) = ¢(x) - ¢(2) = [V2x,x, | - |V22,2,
x,2 1 | z,?

v =[]
X2 = x12212 + 2x1x22122 —+ XZZZZZ

x,°

2
¢(x) = \/fxlxz = (az +22)" 5 ([2] ' [2])
2

Xp% — (x - 2)?




Directly computing K (x, z) can be

Ke 'N el Trl C k faster than “feature transformation +

inner product” sometimes.

X Z1
K(x,z) = (x - 2)? xz[fl] Z=[5]
Xk Zy

= (x121 + X325 + - + x3,23,)?

X1
— x12Z12 + x22Z22 + -+ xkzzkz
2 + 2X4X221Z2 + )
+2X1X>2Z1Z
1X22122 1X32143 qb(x)=\/§x1x2
+2xZX3Z223 + ZXZX4Z2Z4 + - \/ijflxg
= ¢(x) - p(2) V23,3




Radial Basis Function Kernel rcl] rl]
X = |Xy Z =

K(x,z) = exp (—1 [Ix — Z||2> ¢ (x) - $(2)?

1 1 ¢ (*) has inf dim!!!
— - = 2 T X Z 2  Z
exp | =5 lixlly = 5 llzll, + x

1 1
= exp (—5 ||X||2> exp (—5 ||Z||2> exp(x - z) = CxCexp(x-z)

co

(x Z)‘ 1
= E = Cely + GGy (- 2) + GGy (x - 2) o
=0
f\ /

[ Cyxy” ] [ Cz°

[C ] [C ] C x1 C Zl 1 . 1 .

' C C — ' — '
o xz 222\ | 2 V2Cxyx, | V2 |V2C,2,2,




Sigmoid Kernel  k(x2) = tanh(x - 2)

* When using sigmoid kernel, we have a 1 hidden layer
network.

f(x) = z a, K(x", x) = Z atanh(x™ - x)

n n

The weight of each
neuron is a data point

The number of support
vectors is the number
of neurons.




You can directly design K(x, z) instead of considering ¢(x), $(2)
When x is structured object like sequence, hard to design ¢(x)

K (x, z) is something like similarity (Mercer’s theory to check)

@ o OQ/@

@ O/

Evaluate the similarity
between sequences
as K(x,z)

Audio Segment

More about kernel

design in [Bishop ,
chapter 6.2] Audio Segment

Hiroshi Shimodaira, Ken-ichi Noma, Mitsuru Nakai, Shigeki Sagayama, “Dynamic
Time-Alignment Kernel in Support Vector Machine”, NIPS, 2002

Marco Cuturi, Jean-Philippe Vert, Oystein Birkenes, Tomoko Matsui, A kernel for
time series based on global alignments, ICASSP, 2007



SVM related methods

* Support Vector Regression (SVR)
* [Bishop chapter 7.1.4]

* Ranking SVM

 [Alpaydin, Chapter 13.11]
* One-class SVM

* [Alpaydin, Chapter 13.11]



Deep Learning
Feature transformation

linear classifier

p(x)

W
X Xz% % ...... Q — Y,
WA YA QY. SR

SVM Based on ;
kernel ¢(x) ° ®

function o
linear

oo o
° ® o classifier
Multiple Kernel

learning [Alpaydin, Input Space Feature Space
Chapter 13.8]




