Classification:
Logistic Regression

Hung-yi Lee
PIRRE




H e oreH

* PESRDAME A B BALSIR
» IIRE L F 2

* A ZIHE 2T R R - HIRE A SR I F]

tHE MY [EISZ2M AR ICES



Step 1: Function Set

g i > 0 class 1
<
_ z < 0 class 2
Py p(Ci]x) = 0(2) o(z) 1 4

Z=w-x+b=ZWixi+b
i

o(z) =

1+ exp(—2z)

0.5




Step 1: Function Set




Step 2: Goodness of a Function

Training | x x%  x3 X

Data | ¢, ¢ G C,

Assume the data is generated based on f,, , (x) = P,, ,(C1|x)

Given a set of w and b, what is its probability of generating
the data?

LW, b) = fip ) fop (0) (1 = fivp (63)) = frp (X)

The most likely w”™ and b™ is the one with the largest L(w, b).

w*, b* = argmaxL(w, b)
w,b



x3 X1 xz X3
Cl Cl CZ » ylzl y2:1 5}3:() ------

y™: 1 for class 1, O for class 2

L(W: b) — fw,b(xl)fw,b(xz) (1 o fw,b(xg))

w*, b* = argmaxL(w,b) ‘ = ‘W*,b* = arg min —InL(w, b)‘
w,b w,b

—InL(w, b)
= —Infy, p (x") =y —
_lnfw,b(xz) - —

: 1 Inf(x1) -I—O—h&-H@AQH

(1 Inf (x?) st

—1n (1= f,, (%) b —fortrrfbremi 1 In(1-f(x¥))]



Step 2: Goodness of a Function

L(W: b) — fw,b (xl)fw,b (xZ) (1 _ fw,b(xg)) "'fw,b(xN)

—InL(w,b) = Infy,, (1) + Infy (62 + In (1 = fi,,(63)) -
y™: 1 for class 1, O for class 2
= =] nfu, ) + (1= 9™ (1= £,y ™))]

n  Cross entropy between two Bernoulli distribution
Distribution p: Distribution q:
p(x=1)=3y" Cross qlx =1) = f(x™)
px=0)=1—-75"% entropy [g(x=0)=1-f(x")

H(p,q) = — Z p()In(q(x))



Step 2: Goodness of a Function

L(W: b) — fw,b (xl)fw,b (xZ) (1 _ fw,b(xg)) "'fw,b(xN)

—InL(w,b) = Infy,, (1) + Infy (62 + In (1 = fi,,(63)) -

y™: 1 for class 1, 0 for class 2

= z — ‘ynlnfw,b(x”) + (1 - y")lng 1= fup(x™) )]

n  Cross entropy between two Bernoulli distribution

minimize

10 C— fx™)

0.0 Cross 1—f(x™)
Ground Truth entropy

N\

yr=1



Step 3: Find the best function

(1 — fwpb (Xn)) xX;'

—InL(w, b) = 2 — [9mf s G+ (1 = 9™ (1= £, ™) |

d W; n | d Wl-

dlnfy,p(x)  dlnfy, p(x) 0z 0z

GW/ 0z dw; ow;

dlno(z) 1 da(z2) 1

aWi

0z  o(z) 0z - @b@(l - J(Z)) I

o(2) /

80
0z

fw,b (x) = o(z)
=1/1+ exp(—=z)

Z=W°x+b=2wixi+b
i




Step 3: Find the best function

(1 _fw,b(xn)) x;' —fw,p (x™)x"
—inLw,b) = ) = [9"finfup )+ (1 = 97 fin (1= £, b<x">)|J
ow; n | ow; ow;

aln(l fwb(x)) 6ln(1 fwb(x)) 0z 0z

6Wl' / 0z an' an' B

oln(l—o() _ 1 do(z) _ 1
07  1-0(2) 9z = T=e2) () (T=e2)

fwp(X) = a(2)

Zzw-x+b=ZWixi+b
=1/1+ exp(—2z) .



Step 3: Find the best function

(1= fup(™) P

_InL(w,b) = Z ~[9"nfun M)+ @
aw,; n | an'

_fw,b (xn)xl?’l

—y")In (1 — fw,b (anj

Z 97 (1= fun ) f = (1= 9" unp ]!
Z 9" =9 &™) — fop ") FT )] 2

= z — (y — fwb (x")) X" Larger difference, larger update

n

W < W; — 772

fwb(x )

Tl



Logistic Regression + Square Error

Step1l: fuprx)=o0 (Z w;X; + b)

Step 2: Training data: (x™, ™), ™: 1 for class 1, O for class 2
1 2
LA =5 ) (fup ™ = 97)
n

Step 3: B &y Ofwp(x) 0z
0 (fp (X)—9)? = 2o =9) = ow;

dw; = Z(fw,b(x) — y)fw,b(x) (1 - fW,b(x)) X

yr=1 If fwp(x™) =1 (close to target) :> dL/ow; = 0

If fwp(x™) =0 (far from target)|:> dL/dw; =0



Logistic Regression + Square Error

Step1l: fuprx)=o0 (Z w;X; + b)

Step 2: Training data: (x™, ™), ™: 1 for class 1, O for class 2
1 2
LA =5 ) (fup ™ = 97)
n

Step 3: B &y Ofwp(x) 0z
0 (fp (X)—9)? = 2o =9) = ow;

dw; = Z(fw,b(x) — y)fw,b(x) (1 - fW,b(x)) X

y*r =0 If fwp(x™) =1 (far from target)[> dL/ow; = 0

If fwpr(x™) = 0 (close to target) :> dL/ow; =0



Cross Entropy v.s. Square Error

Total
Loss

http://jmlr.org/procee
dings/papers/v9/gloro
t10a/glorot10a.pdf



Logistic Regression Linear Regression

Stepl: fupr(x) =0 (Z w;x; + b) fwp(x) = z wix; + b

Output: between 0 and 1 Output: any value

Step 2:

Step 3:




Logistic Regression Linear Regression

Stepl: fupr(x) =0 (2 w;x; + b) fwp(x) = z wix; + b

Output: between 0 and 1 Output: any value
Training data: (x™, ") Training data: (x™, ™)
Step 2: ‘37": 1 for class 1, O for class 2 ‘ y™: areal number

L = D AFEIY (L) =5 () — 972

Cross entropy:

[(f™),9™) = =[9™Mnf (™) + (1 = 9™)in(1 - f(x™)]




Logistic Regression Linear Regression

Stepl: fupr(x) =0 (Z w;x; + b) fwp(x) = z wix; + b

Output: between 0 and 1 Output: any value
Training data: (x™, ™) Training data: (x™, ™)
Step 2: ‘)7": 1 for class 1, O for class 2 ‘ y™: areal number

L = D AFEIY (L) =5 () — 972

Logistic regression: w; <« w; — 1 z — (9" — fwp(x™) ) x]
n

i I . 5n n n

Linear regression: w; « w; — 7 2 —( — fw,b(x )xi
n

Step 3:



Discriminative v.s. Generative

P(Ci|x) =c(w-x+b)

@ )

directly find wand b Find ut, u?, =1

ﬁ wT = (Ml _ #Z)Tz—l
1
> b= )EH
Will we obtain the same

1 N
set of w and b? +§(ﬂ2)T(22)_1H2 + lnN_l
2

The same model (function set), but different function may
be selected by the same training data.



Generative v.s. Discriminative

Generative Discriminative
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73% accuracy 79% accuracy



Generative v.s. Discriminative

* Example
Training G
Data (@)
Class 1
Testing G
Data Q

o O O
X 4 X 4 X 4
O o (o)

Class 2 Class 2 Class 2

Class 1? How about Naive Bayes?
Class 27?

P(x|C;) = P(x1|C))P(x3|C;)



Generative v.s. Discriminative

* Example

Training G Q Q
Data Q X4 Q X4 Q X4

Class 1 Class 2 Class 2 Class 2

1
P(C,) = 3 Pi=1C)=1 Plp=1C) =1

P(Cy) = = Pl = 1|C,) = = 1
2 13 1= 2/ =73 P(X2=1|C2)=§



Training G a Q Q
Data Q G X4 Q X4 Q X4

Class 1 Class 2 Class 2 Class 2
1x1 !
x —_—

13

N7
<0 P(x|C1)P(Cy)

Testng @ PG = 500055000 + PGICHPECY)

Data Q / / | N\

1x1 = .12
13 373 13

1
P(C,) = 3 Pi=1C)=1 Plp=1C) =1

12 1 1
P(L)=13 Pla=1G)=5 P, =1IC) = 3



Generative v.s. Discriminative

* Usually people believe discriminative model is
better
* Benefit of generative model
* With the assumption of probability distribution
* less training data is needed
* more robust to the noise

* Priors and class-dependent probabilities can be
estimated from different sources.



Multi-class Classification (s ciasses as example)

C:wlb, z=wl-x+bh Probability:

1>y, >0
CZ: W2,b2 ZZ=W2'X+b2 .Zyylzl
L/
Cy» w3 by z3=w>-x+ bs Yi = P(Ci | X)
Softmax
3 . 20 0.88 ,

3
j=1




. o po . [Bishop, P209-210]
Multi-class Classification (s ciasses as example)

y y
Zi = WL X + hj—m— s 5
/ ! . 1 Cross Entropy Y1
W
S _
x—>ZZ=W2-x+b2_, = A
§
. X yl Iny;
Z3 =w>x + b3—> y3
target
If x € class 1 If x € class 2 If x € class 3
1 0 ]
y=10 y=11 y=10
(). 10 1.

—Iny, —Iny, —lnys;



Limitation of Logistic Regression

Z=W,X, +W,X, +D

X W
1\ , Classl y>0.5 (z=0)
b,
W T—I—y Class2 y<0.5 (z<0)
v Con wer
Can we”?
le
o
X4 X5 220 z<0
0 0 Class 2
0 1 Class 1
1 0 Class 1 2<0 )
1 1 Class 2 T -



Limitation of Logistic Regression

xy: distance to 0

* Feature transformation :9:
x5 : distance to 1
X1
[xz i Not always easy
X domain knowledge
2

can be helpful




Limitation of Logistic Regression

e Cascading logistic regression models

Xt

Feature Transformation

Y

Classification

(ignore bias in this figure)






o
]

(0.73, 0.05)

73)




Deep Learning!

All the parameters of the logistic
regressions are jointly learned.

Z «“ ”
X 4+ 1 @__> x! Neuron
VA
+ -y
VA
2
Feature Transformation Classification

Neural Network




Reference

* Bishop: Chapter 4.3
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Appendix



X X X
Three Steps oy ¥ "

y" = class 1, class 2
e Step 1. Function Set (Model)
X If P(C;|x) > 0.5, output: y =class 1 y

feature Otherwise, output: y = class 2 class

P(Cilx) =o(w:-x+b)
w and b are related to Ny, N,, ut, u?, %

e Step 2. Goodness of a function
LA = ) 6(FG™ = 9™ mb L(H) = D I(FG™ # 9™

* Step 3. Find the best function: gradient descent



Step 2: Loss function f z = 0
w,b (X) = ‘[ . <0
Ideal loss: Approximation:
L) = ) 5™ # 9™ LA = ) 1FGMI™
| Oor[l 2

() is the upper
bound of 6 (*)
Ideal loss §(f(x™) = y™)

%]
-
=
-
M2




Step 2: Loss function L(f(x™),9™): cross entropy

yt =41 f(x™) —) Ground
P = —1 1—F(x"™) Cross 1.0  Truth
entropy
97 = +1
1

L(FGM,I™ = =Inf (") = ~Ino(z") = N
=In(1 + exp(—z")) = In(1 + exp(—9y"z"))
If y* = —1:

[(f(x™),5™) = —In(1 — f(x™))
exp(—z™") 1

— _ _ - — = —]
= —In(1—o@M) = e T T+ e

= In(1 + exp(z™) = In(1 + exp(~9"z™))



Step 2: Loss function

L(f(x™),y™): cross entropy
[(f(x™),5™) = In(1 + exp(—=9"z™))

Divided by
In2 here




