Unsupervised Learning:
Principle Component Analysis




Unsupervised Learning

e Dimension Reduction * Generation (14 75)
Ces-9=015)

only having
function input

only having

function _
function output

Random numbers



Dimension Reduction

vector x
(High Dim)

vector z
(Low Dim)
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Actually, 2-D

Looks like 3-D



Dimension Reduction

* In MINIST, a digit is 28 x 28 dims.
* Most 28 x 28 dim vectors are not digits
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Clustering e (1)
%
0
(). o S W
Cluster 1
* K-means

* Clustering X = {x?1,---,x™,---,xN} into K clusters

e Initialize cluster center ct, i=1,2, ... K (K random x™ from X)
* Repeat

. 1 x™is most “close” to c'
e Forallx™inX: b} {

0 Otherwise

. : i
Updatingall c*: i _ Z blnxn/z b1
xn

xTL



Clustering

* Hierarchical Agglomerative Clustering (HAC)

root

—
Step 1: build a tree Q \
Step 2: pick a / \ D
threshold )

A
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Distributed Representation

i JH

* Clustering: an object must
belong to one cluster

/MR R

L : BIER
* Distributed representation

G g I 0.70
W H & 0.25
/J\ #E P (e 0.05
ERE & 0.00
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Distributed Representation

vector x »Mvector Z
(High Dim) (Low Dim)
* Feature selection X2
Select x,
X1

* Principle component analysis (PCA)
[Bishop, Chapter 12] 7z =Wx



200

PCA

z=Wx

Reduce to 1-D:

200

Project all the data points x onto w?,
and obtain a set of z;

We want the variance of z; as large as

possible

1
Var(z,) = NZ(zl _7)? [wlll, = 1

Z




PCA

z=Wx

Reduce to 1-D:

(whT

W = (WZ)T

N

Project all the data points x onto w1,
and obtain a set of z;

We want the variance of z; as large as
possible

1
Var(z,) = Nz@ 72 lwl,=1
Z1

Orthogonal
matrix

We want the variance of z, as large as
possible

Var(z,) = Z<z2 ~ %)% w|l, = 1

wl-w?2=0




Warning of Math



1
Var(z,) = NZ(Zl — 71)°
. Z (a-b)?> =(a’b)? =a’ba’b
=NZ(W1°x—W1°f)2 — aTb(aTh)T = a"bb’a

= = W~ D) x— DT

= (Wl)T%Z(x —D(x — f)lel

- G Congow!

Find w! maximizing

(Wl)TSW1

||W1||2 = (Wl)TW1 =1




Find w! maximizing (w1)TSwl (wHTwl =1

S = Cov(x) Symmetric Positive-semidefinite
(non-negative eigenvalues

S

Using Lagrange multiplier [Bishop, Appendix E]
gwh) = whHTsw! —a((w)Tw! —1)
dgwh/awl=0 | Sw —aw' =0
dgwl)/ows =0 Swt =aw! w': eigenvector
1=

wHTsw! = a(w)Tw!

— = a Choose the maximum one

wl is the eigenvector of the covariance matrix S
Corresponding to the largest eigenvalue 4,




Find w? maximizing (w?)'Sw? W?»)Tw?=1 W»)Twl=0

gw?) = wA)Tsw? —a((w?)Tw?2 - 1) —p(w?H)Tw! —0)

ogw?)/ow? =0 > Sw2 — qw? — gwl =0
0)

—_q 0 :—,B 1 —

dgw?)/ows =0
_ ((Wl)TSWZ)T = (W2)TSTwl
= (wH)Tsw! =21,(wd)Twl =0

Swl =1 w!

L=0: Sw?—aw?=0 Sw?=aw?*

w? is the eigenvector of the covariance matrix S
Corresponding to the 2" largest eigenvalue A,




original data decorrelated data

PCA - decorrelation -

X2 ; w 4,
z=Wx
Cov(z) =D

Diagonal matrix

-10
1G -10 -5 0 5 19

Cov(z) = %z(z —2)(z—-2)"=wswT S = Cov(x)

:VVS[W1 WK] =W[SW1 SWK]
=W[/11W1 /-[KWK] =[/11WW1 AKWWK]

Dher - Ao =



End of Warning



PCA — Another Point of View

Basic Component:
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PCA — Another Point of View

fozclu1+czu2+---+cKuK =91?

Reconstruction error:

i 1 K .
| (x — %) —X|l; Find {u", ..., u™ } minimizing the error
K
L = min z (x_f)_ zckuk
{ul,.., uk} 4
k=1 ,
7] [w)™ {(wt,w?, ..w*} (from PCA) is the

Z2 (w,)T , component ful, u?, ... uf}
' : minimizing L

ZK . _(WK)T_ Proof in [Bishop, Chapter 12.1.2]



fozC1u1+C2u2+...+CKuK =5C\

Reconstruction error: ; _———
| (x —X) — %]l Find {u", ..., u® } minimizing the error

__N 1 1 1 2 LAY
X~ cu +cus+

Q

C12u1 + C22u2 + ...

Q

Cfu1 + Cg’uz + ...

Q

Minimize
Error




ﬂﬂﬂ
Minimize

MxK KxK Kx N

K columns of U: a set of orthonormal eigen vectors
corresponding to the K largest eigenvalues of XX'

This is the solution of PCA

http://speech.ee.ntu.edu.tw/~tlkagk/courses/LA_2016/Lecture/SVD.pdf

SVD:



PCA looks like a neural network with one
. . o . Autoencoder
hidden layer (linear activation function)

If {wl w?, ..

K To minimize reconstruction error:

— k“x—x
* = Eckw e = (x — %) - wk

k=1

wX}is the component {u!, u?, ... uX}

K = 2:




PCA looks like a neural network with one
. . o . Autoencoder
hidden layer (linear activation function)

If {wl w?, ..

K To minimize reconstruction error:

— k“x—x
* = Eckw e = (x — %) - wk

k=1

wX}is the component {u!, u?, ... uX}

K = 2:




PCA looks like a neural network with one
. . o . Autoencoder
hidden layer (linear activation function)

If {wl w?, ..

K To minimize reconstruction error:

Y — kﬁx—f
* Eckw e = (x — %) - wk

k=1
K = 2:

wX}is the component {u!, u?, ... uX}

%
.




PCA looks like a neural network with one
. . o . Autoencoder
hidden layer (linear activation function)

If {wl w?, ..

K To minimize reconstruction error:

— k“x—x
* = Eckw e = (x — %) - wk

k=1

wX}is the component {u!, u?, ... uX}

K =2: It can be deep. - Deep Autoencoder

Minimize
error




PCA - Pokemon

* Inspired from:
https://www.kaggle.com/strakul5/d/abcsds/pokemon/princi
pal-component-analysis-of-pokemon-data

» 800 Pokemons, 6 features for each (HP, Atk, Def, Sp Atk, Sp
Def, Speed) P
i

* How many principle components?
y princip P A+ A, + A + Ay + Ac + Ag

___

ratio | 0.45 0.18 0.13 0.12 | 0.07 0.04

Using 4 components is good enough



T | ai | Dot | spA | spoer
PC1 0.4 0.4 0.4 0.5 0.4

pC2

PCA - Pokemon

PC2
PC3
PC4

0.3 hRE
0.1 0.0 0.6 0.3 0.2 0.7 |
-0.5 -0.6 0.1 By B (e R )




PCA - Pokémon
| Hp | Atk | Def | SpAtk | SpDef | Speed
PC1 0.4 0.4 0.4 0.5 0.4 0.3

P

C2 0.1 0.0
c3 0.5 0.6
JI5% 0.7 0.4
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PCA - Pokémon

* http://140.112.21.35:2880/~tlkagk/pokemon/pca.html

 The code is modified from
* http://jkunst.com/r/pokemon-visualize-em-all/


http://140.112.21.35:2880/~tlkagk/pokemon/pca.html
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PCA - Face

30 components:
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http://www.cs.unc.edu/~lazebnik/research/spr Eigen—face
ing08/assignment3.html




Weakness of PCA

* Unsupervised

©

© O\

DY
OQQ

e Linear

http://www.astroml.org/book_figures/c
hapter7/fig_S_manifold_PCA.html



Weakness of PCA
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Pixel (28x28) -> PCA (2)
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Pixel (28x28) -> tSNE (2)
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Appendix

* http://4.bp.blogspot.com/ sHcZHRnxILE/S9EpFXYjfvI/AAAAAAAABZO/ oEQiaR3
WVM/s640/dimensionality+reduction.jpg

* https://lvdmaaten.github.io/publications/papers/TR_Dimensionality Reduction
_Review_2009.pdf

Dimensionality
reduction

—o
oo
> >

Preserving global Global alignment Preserving local
properties of local prop. properties
i

A Spectral / Reconstruction
‘ Heraiive l ‘ Kernel-based ‘ @ v

stru
Kemel PCA @
Diffusion map

GDA

| Tangent space H Neighborhood l

graph Laplacian

essian LL| Laplacian
LTSA Eigenmaps

Distance
preservation

MDS




