5.0 Discrete-time Fourier Transform

5.1 Discrete-time Fourier Transform
Representation for discrete-time signals

Chapters 3, 4,5

Chap 3 Chap 4 Chap 5
Periodic Aperiodic Aperiodic
Fourier Series Fourier Transform Fourier Transform
Continuous N x(t) o X(jw)

x(t) =x(t+T)

Discrete
x|n] = x[n + N|

D x[n] & X(e/?)




Harmonically Related Exponentials for

Periodic Signals (p.11 of 3.0)
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Fourier Transform (p.3 of 4.0)
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Discrete-time Fourier Transform
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Figure 3.6 Periodic square wave.
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Figure 3.7 Plots of the scaled Fourier series coefficients Ja; for the pe-
riodic square wave with T; fixed and for several values of 7: (a) T = 4T;;
(b) T = 8Ty, (¢) T = 16T;. The coefficients are regularly spaced samples of
the envelope (2 sin wT;)/w, where the spacing between samples, 27/T, de-
creases as T increases.
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Figure 4.2 The Fourier series ¢:
efficients and their envelope for th:
periodic square wave in Figure 4.
several values of T (with 7, fixed
@ T =4T;(0) T =8T; (c) T =
1675.
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Figure 3.16 Discrete-time periodic square wave.
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Figure 3.17 Fourier series coefficients for the periodic square wave of Ex-
ample 3.12; plots of Na, for 2N, + 1 = S and (a) N = 10; (b) N = 20; and
(c) N = 40.



From Periodic to Aperiodic

e Considering x[n], x|n]=0 for n > N, or n < -N;
— Construct X|n]periodic with period N > N, + N, +1

X|[n]=x[n] if =N, <n<N,

XIn[=x[n|[1f N — o
x[n]
—N, 0 N, n
(a)
X[n]
—N N 0 N, N n

(b)

Figure 5.1 (a) Finite-duration signal x[n]; (b) periodic signal X[n] con-
structed to be equal to x[n] over one period.



From Periodic to Aperiodic

e Considering x[n], x[n]=0 for n > N, or n < -N,
— Fourier series for X|n]

k=<N> k=<N>
a =L Z)‘z[n]e’k(%jn _1 ix[n]el [ij”
N n=<N> N[n=—o

— Defining envelope of Na, as X (ej“’)

o 2z :
ak _ ﬁ X(eJ (N )j — ﬁ X(ejw#wk(br)kwo

N

o0

X () = > x[n]e

N=—00



)= 3 Lx(ere ek

k=<N>
jkay | A jkapn @ _ _ 1
27[ ;3( (e ) “o 27z N
— AsN > o, o, =0, X|n]— x|n]
x[n] = LJ‘ X (ej”)ej“’”da) signal, time domain, Inverse
27 7" Discrete-time Fourier Transform

o0

X (e j“’) — Z X[n] e 1" gpectrum, frequency domain
n=—oo Discrete-time Fourier Transform

— Similar format to all Fourier analysis representations
previously discussed



(p.10 of 4.0)

X(ja)) — ro X(t)e_j”tdt . spectrum, frequency domain
Fourier Transform

x(t) = Lr X (jw)e ™ dw : signal, time domain
27 7 Inverse Fourier Transform

Fourier Transform pair, different expressions
X(t)—F— X(jo)

very similar format to Fourier Series for periodic
signals




e Note: X(el?) is continuous and periodic with period
27T

Integration over 2z only

Freguency domain spectrum is continuous and
periodic, while time domain signal is discrete-time
and aperiodic

Frequencies around «=0 or 2 are low-frequencies,
while those around w= - are high-frequencies,
etc.

See Fig. 5.3, p.362 of text
For Examples see Fig. 5.5, 5.6, p.364, 365 of text



x[n]  cos (On) 1 x[n] cos (Tn/8) x[n] = cos (Tn/4)

(b}
x[n] = cos (wn/2) x[n] = cos wn x[n] = cos (37n/2)
|
(d) (e)
x[n] = cos (7mn/4) x[n] = cos (15wn/8) x[n} = cos 27n

Figure 1.27 Discrete-time sinusoidal sequences for several different frequencies.
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Figure 5.3 (a) Discrete-time signal x;[n]. (b) Fourier transform of x;[n].
Note that X;(e/”) is concentrated near = 0, =27, *4a, ... (c) Discrete-
time signal x,[n]. (d) Fourier transform of xo[n]. Note that X;(e/) is concen-

trated near o = *m, 37, ....
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Figure 5.5 (a) Signal x[n] = a" of Example 5.2 and (b) its Fourier trans-
form (0 < a < 1).
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Figure 5.6 (a) Rectangular pulse signal of Example 5.3 for My = 2 and
(b) its Fourier transform.



From Periodic to Aperiodic

e Convergence Issue
given X[n]

Q0

X (e1”) = > x[n]e i

N=—o0

X[n] = iﬁv/v X (e'”)e! " dw

X[n]= x[n] when W =7

— No convergence issue since the integration iIs over an
finite interval

— No Gibbs phenomenon
See Fig. 5.7, p.368 of text



A0 W = 3m/8

x[n] W = nw/4 -
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Figure 5.7  Approximation to the unit sample obtained as in eq. (5.16) using complex
exponentials with frequencies |w| = W: (@) W = #/4; (b) W = 3#/8; (¢) W = #/2;
(d) W = 3m/4; () W = 7=/8; (f) W = =. Note that for W = =, X[n] = §[n].
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Figure 4.17 Relationship between the Fourier transform pairs of egs. (4.36)
and (4.37).
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Figure 4.11 Fourier transform pair of Figure 4.9 for several different values of W.



Rectangular/Sinc




~ourier Transform for Periodic Signals —

Unified Framework (p.16 of 4.0)
— Given x(t)

assume X (jo) = 2728(w — w,)

x(t) = j 276(w — w,) e’ dew = e
27

el «E 5 276(0 — w,)

(easy In one way)



Unified Framework: Fourier Transform
for Periodic Signals (p.17 of 4.0)

Sjwot F T 216 (w — wy)
NN ¢ wq @
Ak
x“> AL
kw,
N
X(]a)) 2ma,d(w — kwg)
— If X Zake’ka’ot TjTT I;) :
k=— k(l)o

X(jow) = kZoka&(w —kay)

x(t)«—E—>a, — X(jw)

L F ]




From Periodic to Aperiodic

e For Periodic Signals — Unified Framework
— Given x[n]

assume X (/) = i 2725 (0 — @y — 27K )

K=—o0

x|n] = LLE X(ej“’)ej””da) = gl"
27T

gl «F >22ﬂ5(a)—a)0—27zk)

k=—o0

See Fig. 5.8, p.369 of text
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Figure 5.8 Fourier transform of
(wg — 4) (wg — 2m) wy (wg + 2m) (wg + 4) x[n] = e/nn,



From Periodic to Aperiodic

e For Periodic Signals — Unified Framework

— If x[n Z:ak(j

k=<N>

xe )= 3 a > 27z5(a)—%—27zmj

k=<N > M=—00 N

= > 278, (w—%j a, =a, +mN
K=—o0 N

See Fig. 5.9, p.370 of text
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Figure 5.9 Fourier transform of a discrete-time periodic signal: (a) Fourier transform
of the first term on the right-hand side of eq. (5.21); (b) Fourier transform of the sec-
ond term in eq. (5.21); (c) Fourier transform of the last term in eq. (5.21); (d) Fourier
transform of x[n] in eq (5.21).



Signal Representation in Two Domains

Time Domain Freqguency Domain
ARG A K
x[n] r .
t Ix 1T w
IR
4 o
6[n — k] w4 W1 +om Y
g W2 W, + 21 @
5[77, _ k2] 00
. . ( z 218 (0 — Wy — 2Tm) | 0 < w,, < 27}
k2 m=—oco
{6[n — k], k: integer, —co < k < oo} /F

: %n pjwin




5.2 Properties of Discrete-time Fourier
Transform

x|n|«—F— X(ej”)

e Periodicity
X(ej(w+27r)): X(ej‘“)

e Linearity
x [n]«—E >X1(ej”), X, |n]«—F >X2(ej”)
ax, [n] + bx,[n]«—E—>aX, (e’ )+ bX,(e)




x[n]«—E—> X (1)

e Time/Frequency Shift
x|n — n, |«—=F >e‘j””°X(ej‘”)

el”"x[n]«—F >X(ej(”““°))

e Conjugation

X

X

In]l«—F— X*(e‘j“’)

(

e'”)=X"(e ) if x[n] real

Even/Odd Relations



Xs(e')

X4[n]
o
 J | 1 | | { l
0 n 27 —mw 0O T 2m ®
(@ (b)
Xo(e)
Xo[N]
| | | | | |
0 n 27— 0 = 2 ®
(c) (d)

Figure 5.3 (a) Discrete-time signal x;[n]. (b) Fourier transform of x;[n].
Note that X;(e/”) is concentrated near = 0, =27, *4a, ... (c) Discrete-
time signal x,[n]. (d) Fourier transform of xo[n]. Note that X;(e/) is concen-

trated near o = *m, 37, ....



x[n]«—E—> X (1)

e Differencing/Accumulation

X[n] - x[n - 1]«—E—{1—e )X (e})

n 0

> x[mle—F— 1 X(ej‘”)+7zX(ej°)Z5(a)—27zk)

M=—0o0 1 — e_Ja) k=—00

e Time Reversal
X[ n]«—E— X (e71)




Differentiation (p.35 of 4.0)

),

dt

> joX (jo)

Jjw - X(w)| = o] - |X(Gw)l

|w|

[ X(w)l

_wllX (o)

-

Enhancing higher frequencies
De-emphasizing lower frequencies
Deleting DC term ( =0 for »=0)



Integration (p.36 of 4.0)

jt x(r)d7 «——F— jla)X(ja))+7zX(jO)5(a))
h !
dc term

1 _ _—j90°
==e
j

L] 1xGo)l = 2] - 1X o)
. &
X(jw)

m—

> (W
Enhancing lower frequencies (accumulation effect)
De-emphasizing higher frequencies
(smoothing effect)
Undefined for =0



Differencing/Accumulation

Differencing

[1-e~ @] = Z‘Sin(%)‘

Accumulation

¢Uflb gkj TUJ“

—2T 27T

& 2T %

AN,

=27 0 2T

Enhancing higher frequencies
De-emphasizing lower freq
Deleting DC term

e Differencing/Accumulation

x[n] - x[n - 1]«—E—>(1—e )X (e)

n

> x[m)¢«—F— 1 X(ej“’)

m=—o0




e Time Reversal (°-29 of 3.0)
X(—t)«—E—a_,

the effect of sign change for x(t) and a, are identical

unique representation for orthogonal basis



x|n|«—F— X(ejw)

e Time Expansion

define X,,[n]= x[n/k], I1f n/k is an integer.
K: positive integer

=0, else

See Fig. 5.13, p.377 of text

x(k)[n]< SN 4 (ejk‘”)

See Fig. 5.14, p.378 of text
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Figure 5.13 The signal xz[n] ob-
tained from x[n] by inserting two zeros
between successive values of the
original signal.
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Figure 5.14 Inverse relationship between the time and frequency domains: As k in-
creases, X [n] spreads out while its transform is compressed.



Time Expansion
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Time Expansion

A =2 2l

1012 " 2 R R e

Discrete-time Continuous time
) x[n] VY x@ =) xmse-n) >
(chapS)& Zx[n] i j (chap4)
{z 5(1: — e otds

de o > gtle,
1012 @

=@ ®
a = ¢, k=integer



x[n]«—E—> X (1)

e Differentiation in Frequency

nx[n]<«—= >jdx(ejw)

dw

e Parseval’s Relation



x[n]«—E—> X (1)
e Convolution Property
y[n] = x[n]* hln]J«—E—Y(e!) = X (! JH (&™)
H (ej“’) : frequency response or transfer function
h[n]«—E—> H(e*)

Slnj«—F—1, 0<w<2rx

e Multiplication Property

yI]= sl ]y )= L[ (e, (61 )do

272_ 27

periodic convolution




Input/Output Relationship (P55 of 4.0)

x(1) . >y(t)
_ﬂqmcf \VV/V]v/"'
e Time Domain

| 5(t) Q: h(t)
0 ¢ 0 t

o Frequency Domain

s akh-




Convolution Property (p-570f 4.0

X(]wz)H(]wz) = Y(]wz) Y{jow) =X({w)H(w)

X(w) HGo2) = | h() jortdr_ o

W\, Wy W1 W,
F/ H(jw;) = j " h(r) eortdr [[x® =h(®) = y(© jF

x(t) A, _& rf\/\/\"/*

/\4”

1.0 1.0 a) a) a)
T rool ’
W\ W - —J
™ 2 H(jw) = ) h(t) e™/“"dT Transfer Function

Frequency Response

H(s) = | h(t) e ®'dt



x[n]«—E—> X (1)
e System Characterization

gaky[n—k]zébkx[n—k]

ae ey (ev) = > be e (@)
k=0 k=0
o) 20
At H(eiw) = &) _ i
X (e') > ae

e Tables of Properties and Pairs
See Table 5.1, 5.2, p.391, 392 of text



TABLE 5.1 PROPERTIES OF THE DISCRETE-TIME FOURIER TRANSFORM
Section  Property Aperiodic Signal Fourier Transform
x[n] X(e'*)) periodic with
yln] Y(e/®)] period 27
5.3.2 Linearity ax[n) + by[n] aX(e') + bY(e’)
533 Time Shifting x[n — nyl e M X(e™)
533 Frequency Shifting e x[n] X(el'w ey
534 Conjugation x'[n} X (e ™)
53.6 Time Reversal x[—n] X(e ™)
537 Time E < [n] x{n/k), if n = multiple of k X(e/)
3. xpansi xuln] = e
il ERpRISR & 0, if 7 4 multiple of k
5.4 Convolution x[a]* y[n] X(e’”)Y(e’)
1 ; _
5:5 Multiplication x[nlyln] EJ X(e™Y (! )de
535 Differencing in Time x[n] - x[n — 1] (1 = e /)X ()
535 Accumulation >:J x[k] mX(e’“’)
k= =
+7X(e™) > 8w — 2mk)
h=—=
jo
5.3.8 Differentiation in Frequency  nx[n] 'dXd(Z)J
X(ef) = X' (e 1)
Re{X(ei)} = Re{X(e )}
534 Conjugate Symmetry for x[n] real In{X(e)} = —Im{X(e )}
Real Signals IX(e)| = |X(e )|
IX(e) = ~<X(e )
534 Symmetry for Real, Even x[n] real an even X(e/?) real and even
Signals
534 Symmetry for Real, Odd x[n] real and odd X(e/“) purely imaginary and
Signals odd
534 Even-odd Decomposition x.[n] = &{x(n]} [x[n] real] Re{X(e™)}
of Real Signals x,[n] = Od{x[nl} [x[n] reall jIm{X (™)}
5.3.9 Parseval’s Relation for Aperiodic Signals

H=—

1% R I v )
> et = 5 | xemid




TABLE 5.2 BASIC DISCRETE-TIME FOURIER TRANSFORM PAIRS

Signal Fourier Transform Fourier Series Coefficients (if periodic)
; i 27k
Z ag e K@nNm 27 Z a8 (w - T) ay
K=V [ e
@ wo =22
: ke I, k=mm=xNm=x2N,...
elwon 2@ Z 8(w — wo — 2ml) ap = et "
/= o 0, otherwise
(b) 5% irrational > The signal is aperiodic
@ wy =2
o L
B5gn 7> (8w — wg  2l) + 8(w + wy ~ 2D} o =17 L SN, DN
f— 0, otherwise
(b) ‘2"4" irrational = The signal is aperiodic
@ wp =
i& zlj’ kes W ENGPE2N v
sinwon g;[.zﬂ{ﬁ(m —wy = 2ml) = 8(w + wg — 27l)} a = —5’7, k= =F=rEN—rx2N, ..
0, otherwise
b) ‘{% irrational = The signal is aperiodic
= I, k=0 %N £2N,...
x[n] =1 27 S(w = 2ml) a, =
,;’, , 0, otherwise
Periodic square wave l
I, |n| =N, sin{(2wk/INYN, + 5)]
= g ap = ——————="— k#F0, N, X2N,. ..
M8 Becid <8 | 8D e T € TN SinZaki2N]
and K N 2N + 1
ap = , k=0, %N, 22N, ...
xln + N1 = x[n] N
2 2 £ 2k 1
k;zmsm — kN) NI k;ﬁs (w - 7’\} ) a = 5 forall k
a"uln), o <1 L. -
A 1 —ae~ /v
Lo =N sinfw(N) + 3)]
x(n]= — 2 L2
0, |l =N sin(w/2)
’ L 0=|w=W
sinWn _ W oo (Wn -
T—"smc(ﬂ) X(w) 0 W<lo| < .
O<=W<m X(w) periodic with period 27
8(n] 1 s
i
uln] 7= k%mwa(w - 2mk) —
8[n - ny} e /oM —
(n+ Daulnl, Jai <1 . _
5 (1 — ae v)?
+r—1)! i
O T | "uln], ol <1 =

Al - ¢

(1 — ae~Joy




e \ector Space Interpretation
{Xx[n], aperiodic defined on -0 <n < oo}=V
IS a vector space

(o)) = S xlkbelk]

— Dbasis signal sets
{¢w[n] —el" _o<w< oo}

P, [n] = @2k [n]

repeats itself for very 2z



e \ector Space Interpretation
— Generalized Parseval’s Relation

o0

Skl - L [, x,e)xi(e)do

N=—o0

{X(el*), with period 2z defined on -0 < w < 0}=V :
a vector space

Inner-product can be evaluated in either domain



e \ector Space Interpretation

— Orthogonal Bases
" «F 5 N 275(w — o, — 27m)

M=—o0o0

" e E 53 275(w — w, — 2 )
|=—oo

b ()] () w
Z 27; j;LZwJa(w o, - 2nm)}{|§;5(w -0, - 27z|)}da)

1, o = o,



e \ector Space Interpretation

— Orthogonal Bases

Similar to the case of continuous-time Fourier
transform. Orthogonal bases but not normalized,
while makes sense with operational definition.

x|n| = iL” X (e¥)el da

o0

> xInje” " = (x[n])- (4, [n])

N=—o0

X(ej“))



Summary and Duality (p.1 of 5.0)

Chap 3 Chap 4 Chap 5
Periodic Aperiodic Aperiodic
Fourier Series Fourier Transform Fourier Transform

Continuous <C> \

x(t) =x(t+T) x(t) o X(jo)

<A>

Discrete <B> >

x|n] = x|n + N| x[n] & X(e/?)




Time Expansion (p.41 of 5.0)

M =20

§ n
1012 " 2 R R e

Discrete-time Continuous time

) x[n] VY x@ =) xmse-n) >




5.3 Summary and Duality

<A> Fourier Transform for Continuous-time Aperiodic Signals

x(t) = ZL _‘: X(jo)e"dw (Synthesis)  (4.8)
7T

X(jow) = ro x(t)e 1 dt (Analysis)  (4.9)

-X(t) : continuous-time aperiodic In time
(At—0) >< (T—0)
-X(Jw) : continuous In aperiodic In
frequency(wy;—0) frequency(W—ow0)

Duality<A> : X(t)«—F— X (jo)=>y(t)«—F— z(w)
2(t) «——F—272y(— o)




Case <A> (p.44 of 4.0)

x(t):y(t) X(jw): z(w)
/\»\ T - o . /\/\ W — oo

<T .

At —>O i a)o O
Z(t) 27‘[}1( a))

e S v\//\
¢ —
0

X(t)e—F— X(jo) = y(t)«—F— z(w)
2(t)«—F— 22y(— o)




<B> Fourier Series for Discrete-time Periodic Signals

x|n] = Zakejk%”, W, = 2r (Synthesis)  (3.94)
k=<N> N
a =L Zx[n]e_jkwon w, = 2% -
K N = W N (Analysis) (3.95)

-x[n] : discrete-time periodic in time

(At=1) >< (T=N)
-a, : discrete In periodic in

frequency(w, = 27/ N) frequency(W = 27)

Duality<B> : x|n [« >ak[>g:n]< " s fk]

]y L g[k]
N




Case <B> Duality

x[n]: g[n| ay: k]

I‘_'N\\_"' (i) I(.a/.]_\];__)l

T = 2T

M@M (Tt

—ik= 0

At =1 —Z')(';z_n
flnl &—N— - N lNl )
FS —> 9[-kl




<C> Fourier Series for Continuous-time Periodic Signals

X(t) = iake"k“’ot, 0, = 2Z (Synthesis)  (3.38)
K=—00 T

a, = lj X(t)e_jkwotdt, Wy = e/ (Analysis)  (3.39)
T T

-X(t) : continuous-time periodic in time

(At — 0) >< (T=T)
-a, - discrete in aperiodic in

frequency(wy, =27/ T) frequency(W — o)

X(t)e=sa, vt )« glk]




Case <C> <D> Duality

<C>
x(t):v(t) 5 T\\_'_> FS ai:glk] W - _p
z(t) /i\ 4 /1\ ¢ n‘ff uT‘tTﬂrthf I |
¥ T e 05
At -0 Wy = T

X(ej“)): z(w)
<D> I' = o 2m 7] v(-w)
. F /E
;[[?l]].y[n]l‘&TTTfétT&TTTTTLTTf ns > 4 e e
- e

At =1 wo —0
For<C> X(t)«—=—a, ) v(t)«—=—glk]

For <D> X[n]«—E—> X (&) = y[n]«—E—> 2(w)

Duality z(t)«—E— y[- k], g|n]« >V(— )




<D> Discrete-time Fourier Transform for Discrete-time
Aperiodic Signals

x[n] = ZL Lﬂ X (ejw)ejwndw (Synthesis)  (5.8)
T

X (ej“’) = Z x[n] gl (Analysis)  (5.9)
N=—o0
-X[n] : discrete-time aperiodic in time

(At = 1) >< (T—00)
-X(el*) : continuous in periodic in

frequency(w,—0) frequency(W = 27)

x[n]«——> X (e/”)=> y[n]«—E—> 2(w)




Duality<C>/ <D>
For <C>X(t)«—F—a, ) v(t)«—FE— glk]
For <D>X[n]«—E— X (/*)=> y[n]«—E—> z(w)
Duality 2(t)«——y[-k] g[n]«—F—v(- @)

— taking z(t) as a periodic signal in time with period 2,
substituting into (3.38), w, = 1

z(t)= iakejkt

which i1s of exactly the same form of (5.9) except for a
sign change, (3.39) indicates how the coefficients a, are

obtained, which is of exactly the same form of (5.8)
except for a sign change, etc.

See Table 5.3, p.396 of text




TABLE 5.3 SUMMARY OF FOURIER SERIES AND TRANSFORM EXPRESSIONS

Continuous time

Discrete time

Time domain Frequency domain Time domain Frequency domain
1 |
x(t) = (3.38) ' ay = (3.39) x[n] = (3.94) [ a; = (3.93)
4\_,:: L e,kw”, : 71(_) J.'I'U X(‘,)(,—jkwol A'\;:k—*{.’\") [1k({jk(2771.‘V)ll <B> % Zn=(N} x[nle FQ2TINM
Fourier <(;> !
Series continuous time | discrete frequency discrete time discrete frequency
periodic in time : aperiodic in frequency periodic in time : periodic in frequency
1 i [ -
x() = (4.8) 9 X(jw)= (4.9) x[n} = (5.8) : X(e!) = (5.9
3w | X(jo)edo ™ |27 x(ye™imdy NPT T AR
Fourier | TR B
Transform | continuous time continuous frequency discrete time continuous {requency

aperiodic in time

apeniodic in frequency

|
|
aperiodic in time :

periodic in frequency




e More Duality

Discrete in one domain with A between two values

2T

— periodic in the other domain with period X

Continuous in one domain (A — 0)

—s aperiodic in the other domain 2_: IS



Harmonically Related Exponentials for

Periodic Signals (p.11 of 3.0)

\

V={x(t)|x
[n]

t,n

__ 2T

@o =T

[n]

(t) periodic, fundamental period
=T(N)}
Ay
al a3 I Cl5
a
% T’t1 _ T ke
0 12 3 45

ORIy (I I N (S

0 wo T3vwo:[ 5w

w

20)0 4(‘)0

 All with periocé]% Integer multiples of o,

* Discrete in frequency domain



e Extra Properties Derived from Duality
— examples for Duality <B>

FS _jk[z_ﬂ]no
xjn—n, [« =>ae —

) duality
eJ LWJ X[ﬂ](F—S>ak_m —
x[n]y[n]<F—S> > ab, -

- duality

> x[r]yln-r]E->Nab, ——

|=<N>



Unified Framework

e Fourier Transform : case <A>

x(t) = wa X(jo)e'*do  (4.8)
27

X(jo)= foo x(t)e ' dt (4.9)



Unified Framework

e Discrete frequency components for signals periodic
In time domain: case <C>

' «F 5 275(w — w,)

X(t)«—F=—a,

x(t) = Y ae" s X(jo) =273 a6 - ko)
K=—00 k=—0o0

you get (3.38) (applied on (4.8))

Case <C> Is a special case of Case <A>



Unified Framework: Fourier Transform
for Periodic Signals (p.17 of 4.0)

Sjwot F T 216 (w — wy)
NN ¢ wq @
Ak
x“> AL
kw,
N
X(]a)) 2ma,d(w — kwg)
— If X Zake’ka’ot TjTT I;) :
k=— k(l)o

X(jow) = kZoka&(w —kay)

x(t)«—E—>a, — X(jw)

L F ]




Unified Framework

e Discrete time values with spectra periodic Iin
frequency domain: case <D>

St —t,)«—FE—e I

x|n|«—E >X@W)

o0

x[n] = x(t) = > x[n]s(t —n)

N=—c0

(4.9) becomes

X(jo)= > x[n|e” " (5.9)

N=—c0

Case <D> is a special case of Case <A>

Note : w In rad/sec for continuous-time but in rad for
discrete-time




Time Expansion (p.41 of 5.0)

M =20

§ n
1012 " 2 R R e

Discrete-time Continuous time

) x[n] VY x@ =) xmse-n) >

— Zx[n] g Jon

de o > gtle,
1012 @

=@ ®
a = ¢, k=integer



Unified Framework

e Both discrete/periodic in time/frequency domain:

case <B> -- case <C> plus case <D>
periodic and discrete, summation over a period of N

x(t) = > x[n]s(t —n)

N=—o0

X(jw)=2r ialﬁ(a) — ka,)
k=—c0

(4.8) becomes (4.9) becomes
x[n]= > aek a, =L > x[n]e e
n=<N> N n=<N>

(3.94) (3.95)



Unified Framework

e Cases <B> <C> <D> are special cases of case <A>
Dualities <B>, <C>/<D> are special case of Duality
<A>

e \ector Space Interpretation
----similarly unified



Summary and Duality (p.1 of 5.0)

Chap 3 Chap 4 Chap 5
Periodic Aperiodic Aperiodic
Fourier Series Fourier Transform Fourier Transform

Continuous <C> \

x(t) =x(t+T) x(t) o X(jo)

<A>

Discrete <B> >

x|n] = x|n + N| x[n] & X(e/?)




An Example across Cases <A><B><C><D>

<A> x(at) &~ X2 (4.34)
a |

F .
<D>x(y[n] & ()X (e/**) (5.45)

FS

<C>x(at) o ( )ay (Sec. 3.5.4)
(T'"=T/a, wy = awy) (Table 3.1)
FS q

<B> x(my[n] H@ak (Table 3.2)



e Time/Frequency Scaling (p.38 of 4.0)

(at) et 1 x(le

a

X(—t)«—F— X(- jo) (time reversal)

x(t) . X(jw)
/\/\ Nt /\/\ W
J N7

1 v
/\,\ x(at),a > 1 WX(]E)'Q > 1

/ V t «—> w
1 .
/\/\X(at),a < 1 F [\/\mx(j %),a < 1
/\, <>
N t )

See Fig. 4.11, p.296 of text



Single Freguency (p.40 of 4.0)

— 1/ jwot, ,—jwot
COS Wyt = 5 (e/¥0t+e7/@ot)




e Parseval’s Relation (p.37 of 4.0)
[T 1x@)dt=-L[" | X(jo)| dev
7 2w "

total energy: energy per unit time integrated over the
time

total energy: energy per unit frequency integrated
over the frequency

J:Zaiﬁi:zbkﬁk
k

[

[A17 =) laif? = ) 1bil?
[ k



Single Frequency

F 1  jw
<A> x(at) < IaIX( —) (4.34)

F
x(t) — COS a)Ot > X(](,()) — n5(w — wo) + ...
F
x(at) = cos(awyt) <—> n

o) (%) = ad(w)

o{] 6@ a® 1B 52 - wp) =@8(0 - awy)

I:> x(at) = COS(ath)g IX (2 =né(w — awg) + -+



Another Example

x(t) X(jw)

TTHT --TTTTT

l<__27t

See Figure 4.14 (example 4.8), p.300 of text

F

2T

-

2
2T —| |- 21

2T
T ¢ AT ELATE LR T
le-

w



Cases <C><D>

a: any real number

<C>ﬁ-—-T ;
21N ;‘ ii 4TT} w

/ e = - e, 27
=2
/N q\ o> 1 s $ae T,

T/a = R wy =

x(at) 5, ( Nap (T' =T/a, wy = Awy)

2
<D> k: positive integer only /lf—\i;}\
TTTT e | +

W ) 7 —_g w

’r.,r.:t V) \VAVAY/ YA

Xy 1] & () X(elk®)

ﬁ Duality



Cases <B>

Fs 1
X(m) [n] «— =ay

m) (2)

<« N —> r < N —
a
x[n]ll/l‘/T/T/Tn@%\tmT\zhkw
x(2y[n] (2m) = '*'Wn
g S ok B A

<~ e sy STy 27 5|
mN __;,;k-mN I<m

2
2
X(m) In] <E> a, = ﬁ 2 —]k(m_ﬁl)ﬁ I
RA=<MN>-
[=<N > .
=171 z ‘jk(zv)l]




Examples
« Example 5.6, p.371 of text

X[n]
‘MO—LOWMQ»—[MW
-N 0 N 2N n

(@)
X(eju))
2m/N
21 @
== W e

Figure 5.11 (a) Discrete-time periodic impulse train; (b) its Fourier
transform.



Examples
« Example 4.8, p.299 of text (P.76 of 4.0)

N

ar

"1'7

g |- e

———

Y
—_——.)——

s

4
-

Figure 4.14 (a) Periodic impulse train; (b) its Fourier transform.

_2ar 0
T

(b)

21T

Discrete (At = T) — Periodic (W = =

2
Periodic (T = T) — Discrete (wo = ?n)



Examples
« Example 5.11, p.383 of text

Xl [ gm0l = YN

olnl L™ | sm-n]=nh[n

time shift property



Examples
« Example 5.14, p.387 of text

(—1) (=)

x[n] y[n]

H(Ee")
_»M» Hlp (ej(:)) ﬂg[n] W3 [n] 1

> Hy, (€°)

wy[n]

(a)

Figure 5.18 (a) System interconnection for Example 5.14; (b) the overall
frequency response for this system.

wy[n] = (=1)"x[n] = &’"x[n]
W, (e") = X (')

H(e'”) = H,(e""™) + H (")




e jwct

Ideal lowpass

filter

Figure 4.26

H{jw)
1

Wq

w

tion with a complex exponential carrier.

Implementation of a bandpass filter using amplitude modula-



X({jw)

Li1]
Y (jo)
,
Frequency response of | ——+——-
ideal lowpass filter
_(:)U wq e (o
W(je)
_(IJO LOD i3]
Fjew)
A
il
) . .
T ¥ T Figure 4.27 Spectra of the signals

(mwe —wg)  (—wg + w) in the system of Figure 4.26.



Examples
» Example 5.17, p.395 of text

(1|t <T,

g(t) = <

0 T, <|t| <7, in[- 7, 7]

periodic with T = 27, @, = 2% =1

=
a, = smél;Tl)’ (example 3.5 of text)
X[n] = sm(;zr?/z)’ by duality

X(e,-w):{ L |@|< /2

0, 7/2<w<r



Examples

* Example 3.5, p.193 of text (P. 58 of 3.0)

(a)

(b)

(C) ..|l|||(|)|||ln.

PETITITEY grrrrrr K
©

Figure 3.7 Plots of the scaled Fourier series coefficients Ta, for the pe-
riodic square wave with 7; fixed and for several values of 7: (a) 7 = 4Ty;
(b) T = 8T;; (¢) T = 16T;. The coefficients are regularly spaced samples of
the envelope (2sin wT;)/w, where the spacing between samples, 2#/T, de-
creases as T increases.



Rectangular/Sinc (p.21 of 5.0)

€ Y [ ——D>

]
it N SN

0 2T

? 2NN —

n

ﬂf ﬂ’ﬁ? . o ,%‘T [ & "
* x X



Problem 5.36(c), p.411 of text

y[n] + y[n —=1] + 3 y[n — 2] = X[n —1] — 5 x[n — 2]

e—ja) . ;e—jZa)
2

H(e!?) = . .
(&™) 1+e 1 4 e %
Inversesystem
Gy = 1 e‘wge_‘“’ +1+_%_e‘“’)
H(e') e (1 - Lei?)
glnl = (&) uln +11 + (2)"u[n] + 2 (2)" "u[n — 1]
Not causal

g'ln] = (2)"uln] + (3)" "uln — 1] + 4 ()" “uln - 2]
Inverse with delay :output x[n — 1]



Problem 5.43, p.413 of text

g[n] = x[2n], G(e!”) =72
vn] = 2 {(=1)"x[n] + x[n]{

odd index samples are zero
X[2n] = v[2n] = g[n]
G(e!?) = > v[2n™ ", m = 2n

N=—oo

©.0)

= > v[mle * =V (e!?)

M =—o0

- %[x e’ ) + X(ej%)]



Problem 5.46, p.415 of text

N 1
a ufn]«—+t— _
[n] 1— e ?

n 1
Nn+1D)a uln]l«—+t— .
(n +1)a"uln) oY

. dX (e!”)
> ] dw

nx[n] <«—E

, example5.13, P.385of text

(n+r—1)!

e — & Ul .

" (L—ae i)

trueforr =1, 2

whenr = K IS true

show r = k +1 i1s also true



Problem 5.56, p.422 of text

x|[m,n] is a two-dimensional signal

X(ejwl,ejwz)z z Z x[m'n]e—j(a)lm+w2n)

nN=—0o0 Mm=—0o

(0.0)
z x|m, n]e‘f‘”lm] g~ Jw2n

m=—o0oo

z XTL (ejwl)e_jwzn

n=—oo

't

JZH'JZR

0.0)

2.

n=—oo

X(e/@1,e/®2)el01™ J®21 4, dw,

: o |
— % i X(e](‘)l’ e]wZ)e]wlm dwl e]wzn dwz

2T




Problem 3.70, p.281 of text

« 2-dimensional signals (P. 65 of 3.0)

: A
el Wity

ej(w1t1+a)2 ts)

el @2t2

N

Ly

P

r-

= .




Problem 3.70, p.281 of text

 2-dimensional signals (P. 64 of 3.0)

ty W10 W1
T FSan™ 70
A \J ¥
2 >t
different ‘
t
o, 2 - _/ ‘,
(0, w;) ¥ (wq, w3) (w1)
— x /
¥ —% w1
Y % m e
W20 %% xx ((}1, 0)
R
W10




