Determinant

Hung-yi Lee

The determinant of a square matrix is a scalar that provides
information about the matrix (e.g. invertible or not)




Determinants in High School

e 2 X2 *3x3

det(A) = ad —bc  det(A4) =

A10509 +a,007+a30404

% —03Q507 —0,0,09—01AgAg




Cofactor Expansion aj: scalar

A;;: matrix

* Suppose A is an n x n matrix. A; is defined as the
submatrix of A obtained by removing the i-th row
and the j-th column.

ay coal; - an,

Aij —

(n-1) x (n-1)

i-th row

J-th column
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e Pick row 1 ~ /

detA = a;1C{1 + ay5¢4p + -+ ay,C1

e Or pick row i c;;: (i,j)-cofactor
detA = a;ic;y + ajpCip + -+ a1 Ciy,

* Or pick column j

detA = a,jcij +ayicyj + -+ aycy;

Cij = (—1)l+]d€tAl]
Cofactor expansion again ...
¢11 = (=1)'*"'detAy,



detA — a11C11 + .-+ alncln

Cij = (—1)l+]d€tAU

For 1x1 matrix,
det([a]) = a

Turtles-all.the way down?



2 X 2 matrix c;j = (=1)*detA;;
* Define det([a]) = a

-le

. d det(A) = ad — bc

Pick the first row
det(A) = acy4 + bc;, = ad — bc
c11 = (=D det([d]) =d

c12 = (=1 det([c]) = —c



3 X 3 matrix cij = (=1)*detA;;

A = Pick row 2
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detA = ay1C1 + Q€35 + 33023
4 5 6

(—1)**tdetA,q (—1)**2detA,, (=1)*"3detAy;3

2 3 1 2
A21 — A23 =
7 8

3 9

1 3

A22=[
7 9



Example

e Given tridiagonal n x n matrix A

1 INO

-
-
-

Find det A when n =999



detA,

A, = 1 1] = a11C11 + A12C12 + Tiypcaz + Tirées
2= 11 1 1 1 0 0
1 1 O 1 1 O
A; =11 1 1 ci; = (—1D?det|1 1 1
0 1 1. 0 1 1
1 1 0 O = det(4,)
A = 1 1 1 O 1 1 0
Y0111 ¢, =(=1D3det|0 1 1
0 0 1 1 _ _
= aq1C11 T a12C;+M = —det(4;)
1 1 0

= det(4,) det(A,) = det(A3) — det(4,)



det(A,) = det(A,,_,) —det(4,,_,)
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Example

det(A,) = det(A,,_,) — det(4,,_,)

det(A,) =1 det(4,) =0 det(A;) = —1
det(A4) = —1 det(A5) =0 det(A6) =1

det(A7) =1 det(Ag) —_ O ......



