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Review

e If Av = Av (v is a vector, A is a scalar)

* v is an eigenvector of A excluding zero vector
* 1is an eigenvalue of A that corresponds to v
 Eigenvectors corresponding to A are nonzero
solution of (A— Al )Jv=0

Eigenvectors Eigenspace of A:
corresponding to A

= Null(A - \.) — {0}
eigenspace
* A scalar t is an eigenvalue of A

)| det(A - tl,) = 0]

Eigenvectors
correspondingto A + {0}




Review

e Characteristic polynomial of A is

dea o1, R

= (t —A)™(t —A,)™2 .. (t — A,)™(......)

NN\

Eigenvalue: A4 Ay Ak

Eigenspace:  d;4 d, dj,
(dimension) <m, <m, < my



Outline

* An nxn matrix A is called diagonalizable if A =
ppp—1

* D: nxn diagonal matrix
e P: nxn invertible matrix

* Is a matrix A diagonalizable?
* If yes, find D and P

e Reference: Textbook 5.3



Diagonalizable A [ 0 1]

. . . 2_0 (?
* Not all matrices are diagonalizable » A?=0 (?)

If A=PDP! for some invertible P and diagonal D

0 » D?=0 » D=0

D is diagonal

-_ -=O
dy v 0 d)? - 0

0 - dy 0 e (dp)?



Diagonalizable

* If Ais diagonalizable

A=PDP~! m)p AP = PD

) AP = [Ap,

m) pp = P[de,
= [Pdqeq
= [d{Pe;
= [dyp;

P=1[p1 - Dn]
d, 0-
D=]|: :
0 d,,.
— [dlel dnen]
Apy]
dneén.
Pdnen
d,Pe,]

dnpy] === Ap; = d;p;

p; is an eigenvector of A corresponding to eigenvalue d;



P =|p1 DPn ]

Diagonalizable d; - 0°
D=1]: - :

0 d,.

* If Ais diagonalizable
A=PDP !

p; is an eigenvector of A

corresponding to eigenvalue d;
There are n eigenvectors that form an invertible matrix

There are n independent eigenvectors

The eigenvectors of A can form a basis for R".




Diagonalizable d; - 0

* If Ais diagonalizable
A=ppp-1 p; is an eigenvector of A

corresponding to eigenvalue d;

How to diagonalize a matrix A?

cten 1. Find nindependent eigenvectors corresponding if
P> possible, and form an invertible P

Step 2: The eigenvalues corresponding to the
eigenvectors in P form the diagonal matrix D.



Diagonalizable

A set of eigenvectors that correspond to distinct

eigenvalues is linear independent.

dec (4 o1,

= (t — A)™a(t — A)72 ... (¢ — ARk (... ...

Eigenvalue: A Ay A

Eigenspace: dy, <my. ...
(dimension)

Independent



Diagonalizable

A set of eigenvectors that correspond to distinct

eigenvalues is linear independent.

Eigenvalue: /A4 Ay

Eigenvector: (1 Uy e

Vk - C1V1+C2V2+ +Ck_1Vk_1

Av, = c;AV,+C,AV,+ - +C, 1AV, 4
AN = CLAN +C AN+ - +Cp 1 Ay 1V 4

- /1ka = CllkV1+CzﬂkV2+ +Ck_1lkvk_1

0 = cy(A—A) vitc (A= AVt - +Cp 1 (A 1= ApdVi 4

Notc,=¢c,=+=¢,_,=0 » Same eigenvalue » a contradiction



P =|p1 DPn ]

Diagonalizable d; - 0°
D=1]: - :

0 d,.

* If Ais diagonalizable
A=PDP !

det(A — tl,,)
=({t—-A)™((t—21,)" ... (t — A;)"™(......)

p; is an eigenvector of A

corresponding to eigenvalue d;

Eigenvalue: A Ay e
Eigenspace: Q ......
{ Basis for A;  Basis for 4, Basis for A3 }

Independent Eigenvectors

You can’t find more!



Diagonalizable - Example
1

0 0]
* Diagonalize a given matrix 4= 1 2
2 1

0
0

characteristic polynomial is —(t + 1)%(t — 3) E> eigenvalues: 3, -1

. SN _ 1 _ _
eigenvalue 3 0 AgPDP ) 01 0
B =v|1|¢ WHETE P=(1 0 1
1 1 0 -1
eigenvalue —1 - } -
(_1_ _O_\ 3 0 0
B =101 1 |¢ D=0 -10
\_O_ _—I_J 0 0 -1




Test for a Diagonalizable Matrix

* An n x n matrix A is diagonalizable if and only if
both the following conditions are met.

The characteristic polynomial of A factors into

a product of linear factors.

det(A — t1y)
= (t = 2)"™M(t = 1) ... (t = A) "M

For each eigenvalue A of A, the multiplicity of A equals

the dimension of the corresponding eigenspace.



Independent Eigenvectors

An n x n matrix A is diagonalizable

The eigenvectors of A can form a basis for R".

det(A —tl,)

= (-2 - )=..(t - ) Be—rF
Eigenvalue: A A Ax
Eigenspace: di=m; d,=m; ... d; = my
(dimension)

d1+d2++dk=n




Application of Diagonalization

* If Ais diagonalizable,
A=PDP"! mmmmp A™ =ppmp-1

* Example: TC
s> QD0
.03
------ 85 oty e Cstuay
727 ><15 .85 15
.03
...... e
573 97



From

Study IG 15
To Study[.&s .()3] -85 ‘@ 0‘ .97
- .03
------ 85 oy Do sty O
727 .15 .85 .15
03
...... C 16 4
273 97 15

R I el I el

A=PDp~ 1 mmp ,m — ppmp-1



Diagonalizable

. : : : 85 .03
* Diagonalize a given matrix A = 5 07
det (A — tlg)
1 1 -1
A — 8215 - — [ ] :>p1:|‘ J
© RREF 00 1\ b1 1
e
1 -2 ; .
A—1, . — [ ] :pzz{ (invertible)
RREF 00 5

82 0
= v 1)



A= PDP~! where P = [ -1 1],1): [ 01

Am — pPD™MpP— 1

- |7 éH('g?'" 3]

The beginning
éjg éﬁg condition does

not influence.

st syellol =576l Lsse s7ellil=ls7e

A™ =



Diagonalization of Linear Operator

"1 8x1 + 9x,
* Example 1: T( X2 ) =] —6x1 —7x;
_x3 _3x1 + 3x2 - X3_
det F8/-t 9 0
The standard matrixis A=|—6 =7 -t 0
| 3 3 —1-t

— the characteristic polynomial is —(t + 1)%(t — 2)

Eigenvalue -1:

X

17
1

0 .

)

0

0

1]

Eigenvalue 2:

|

—2

3 -

1.

} = B, U B, is a basis of R >



Diagonalization of Linear Operator

* Example 2: T( X2

X1 — X, =0
x3=

'x1'> —x, + Xy + 2x3°

—1-t1 21
1 -1 -t)
L0 0 O0)-t
1 =1 0]
10 0 1
0 0 O

= X1 — Xy
| X3 0 l
det
The standard matrixis A =
X1 1
X2l =x111
X3 0




Review

Simple Function

Another nput’ ISR Output’
coordinate

system

Cartesian
coordinate Input — Output

system Complex Function



Flowchart

B coordinate
system B

-1
Cartesian B

cyetom 7]
vV ) T (p)
[T] = B[T]gB™* [Tlg = B~[TB
~_ 7 _\/

similar similar



* Example: reflection operator T about the liney = (1/2)x

by =[] 57 =05 ol p=[1 5]
L2 y = (1/2)x
[Tlg
(vl n—) [T(v)]g
_[2 1 O
bl N [1] [O _1]
B~1 B
_ [0 y =(1/2)x
2 = [} 7] =7
[ v ) 7(y)
er =
[T] = B[T]gB~"



Diagonalization of Linear Operator

e Reference: Chapter 5.4

[T]g
[v]g ) [T(v)]g

simple
B~ 1 B
Properly Properly
selected selected

T
vV ) T ()



Diagonalization of Linear Operator

* If a linear operator T is diagonalizable

v|g — [T (v)]g

simple
Eigenvectors form -
the good system
Properly Properly

selected selected

A PDP1

E—) T ()



Diagonalization of Linear Operator

{5

8x; + 9x,
_6x1 - 7x2

13x1 + 3x, — X3

-1:

Tl
0 —1 0
0 0 2
‘8 9 0]
—6 -7 0
3 3 -1

A

2:

[

-1 O
1 0
L0 1




