
Error surface is rugged …
Tips for training: Adaptive Learning Rate
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Training stuck ≠ Small Gradient 

• People believe training stuck because the 
parameters are around a critical point …

loss

norm of 
gradient

https://docs.google.com/presentation/d/1siUFXARYRpNiMeSRwgFbt7mZVjkMPhR5od09w0Z8xa
U/edit#slide=id.g3532c09be1_0_382
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Wait a minute …
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100,000 
updates

𝜂 = 10-2

Learning rate cannot be 
one-size-fits-all

Training can be difficult 
even without critical points.

𝜂 = 10-7
4

This error surface is convex.



Different parameters needs 
different learning rate

𝑤1

𝑤2

Larger 
Learning Rate

Smaller 
Learning Rate

𝜽𝑖
𝒕+𝟏 ← 𝜽𝑖

𝒕 − 𝜂𝒈𝑖
𝒕

𝜽𝑖
𝒕+𝟏 ← 𝜽𝑖

𝒕 −
𝜂

𝜎𝑖
𝑡 𝒈𝑖

𝒕

Parameter 
dependent

𝒈𝑖
𝒕 =

𝜕𝐿

𝜕𝜽𝑖
|𝜽=𝜽𝒕

Formulation for one parameter:
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Root Mean Square

𝜎𝑖
0 = 𝒈𝑖

𝟎 2

𝜎𝑖
1 =

1

2
𝒈𝑖
𝟎 2

+ 𝒈𝑖
𝟏 2

𝜎𝑖
𝑡 =

1

𝑡 + 1
෍

𝑖=0

𝑡

𝒈𝑖
𝒕 2

𝜎𝑖
2 =

1

3
𝒈𝑖
𝟎 2

+ 𝒈𝑖
𝟏 2

+ 𝒈𝑖
𝟐 2

𝜽𝑖
𝟏 ← 𝜽𝑖

𝟎 −
𝜂

𝜎𝑖
0 𝒈𝑖

𝟎

𝜽𝑖
𝒕+𝟏 ← 𝜽𝑖

𝒕 −
𝜂

𝜎𝑖
𝑡 𝒈𝑖

𝒕

𝜽𝑖
𝟐 ← 𝜽𝑖

𝟏 −
𝜂

𝜎𝑖
1 𝒈𝑖

𝟏

𝜽𝑖
𝟑 ← 𝜽𝑖

𝟐 −
𝜂

𝜎𝑖
2 𝒈𝑖

𝟐

𝜽𝑖
𝒕+𝟏 ← 𝜽𝑖

𝒕 −
𝜂

𝜎𝑖
𝑡 𝒈𝑖

𝒕

…
…
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= 𝒈𝑖
𝟎



Root Mean Square

𝜎𝑖
𝑡 =

1

𝑡 + 1
෍

𝑖=0

𝑡

𝒈𝑖
𝒕 2

𝜽𝑖
𝒕+𝟏 ← 𝜽𝑖

𝒕 −
𝜂

𝜎𝑖
𝑡 𝒈𝑖

𝒕
𝜽1

𝜽2

𝒈1
𝒕−𝟏

𝒈1
𝒕

𝒈2
𝒕−𝟏

𝒈2
𝒕

smaller 𝜎1
𝑡

larger𝜎2
𝑡

larger step

smaller step

Used in Adagrad
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Learning rate adapts dynamically

𝑤1

𝑤2

Error Surface can be very complex.

Larger 
Learning Rate

Smaller 
Learning Rate
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RMSProp

𝜎𝑖
0 = 𝒈𝑖

𝟎 2

𝜎𝑖
1 = 𝛼 𝜎𝑖

0 2
+ 1 − 𝛼 𝒈𝑖

𝟏 2

𝜎𝑖
𝑡 = 𝛼 𝜎𝑖

𝑡−1 2
+ 1 − 𝛼 𝒈𝑖

𝒕 2

𝜎𝑖
2 = 𝛼 𝜎𝑖

1 2
+ 1 − 𝛼 𝒈𝑖

𝟐 2

𝜽𝑖
𝟏 ← 𝜽𝑖

0 −
𝜂

𝜎𝑖
0 𝒈𝑖

𝟎

𝜽𝑖
𝒕+𝟏 ← 𝜽𝑖

𝒕 −
𝜂

𝜎𝑖
𝑡 𝒈𝑖

𝒕

𝜽𝑖
𝟐 ← 𝜽𝑖

1 −
𝜂

𝜎𝑖
1 𝒈𝑖

𝟏

𝜽𝑖
3 ← 𝜽𝑖

2 −
𝜂

𝜎𝑖
2 𝒈𝑖

𝟐

𝜽𝑖
𝒕+𝟏 ← 𝜽𝑖

𝒕 −
𝜂

𝜎𝑖
𝑡 𝒈𝑖

𝒕

…
…

0 < 𝛼 < 1
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RMSProp

𝜽𝑖
𝒕+𝟏 ← 𝜽𝑖

𝒕 −
𝜂

𝜎𝑖
𝑡 𝒈𝑖

𝒕

increase 𝜎𝑖
𝑡

decrease 𝜎𝑖
𝑡

smaller step

larger step

𝜎𝑖
𝑡 = 𝛼 𝜎𝑖

𝑡−1 2
+ 1 − 𝛼 𝒈𝑖

𝒕 2

0 < 𝛼 < 1

The recent gradient has larger influence, 
and the past gradients have less influence.

small 𝜎𝑖
𝑡

larger step
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𝒈𝑖
𝟏 𝒈𝑖

𝟐 …… 𝒈𝑖
𝒕−𝟏



Adam: RMSProp + Momentum 

for momentum
for RMSprop

Original paper: https://arxiv.org/pdf/1412.6980.pdf
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𝜎𝑖
𝑡 =

1

𝑡 + 1
෍

𝑖=0

𝑡

𝒈𝑖
𝒕 2

𝜽𝑖
𝒕+𝟏 ← 𝜽𝑖

𝒕 −
𝜂

𝜎𝑖
𝑡 𝒈𝑖

𝒕

Without Adaptive Learning Rate
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𝜽𝑖
𝒕+𝟏 ← 𝜽𝑖

𝒕 −
𝜂

𝜎𝑖
𝑡 𝒈𝑖

𝒕
𝜂𝑡

𝑡

𝜂𝑡 Learning Rate Decay

As the training goes, we are 
closer to the destination, so we 
reduce the learning rate.

Learning Rate Scheduling 
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𝜽𝑖
𝒕+𝟏 ← 𝜽𝑖

𝒕 −
𝜂

𝜎𝑖
𝑡 𝒈𝑖

𝒕
𝜂𝑡

𝑡

𝜂𝑡 Learning Rate Decay

As the training goes, we are 
closer to the destination, so we 
reduce the learning rate.

Learning Rate Scheduling 

Warm Up

Increase and then decrease? 

𝑡

𝜂𝑡
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https://arxiv.org/abs/1512.03385

https://arxiv.org/abs/1706.03762

Residual Network 

Transformer 
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𝜽𝑖
𝒕+𝟏 ← 𝜽𝑖

𝒕 −
𝜂

𝜎𝑖
𝑡 𝒈𝑖

𝒕
𝜂𝑡

𝑡

𝜂𝑡 Learning Rate Decay

After the training goes, we are 
close to the destination, so we 
reduce the learning rate.

Learning Rate Scheduling 

Warm Up

Increase and then decrease? 

At the beginning, the estimate 

of 𝜎𝑖
𝑡 has large variance.𝑡

𝜂𝑡

Please refer to RAdam https://arxiv.org/abs/1908.03265
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Summary of Optimization 

𝜽𝑖
𝒕+𝟏 ← 𝜽𝑖

𝒕 −
𝜂𝑡

𝜎𝑖
𝑡𝒎𝑖

𝒕

Learning rate scheduling 

root mean square of the gradients

Momentum: weighted sum of the 
previous gradients 

𝜽𝑖
𝒕+𝟏 ← 𝜽𝑖

𝒕 − 𝜂𝒈𝑖
𝒕

(Vanilla) Gradient Descent 

Various Improvements
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Consider 
direction

only magnitude 



To Learn More ……

https://youtu.be/4pUmZ8hXlHM https://youtu.be/e03YKGHXnL8

(in Mandarin) (in Mandarin)
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https://youtu.be/4pUmZ8hXlHM
https://youtu.be/e03YKGHXnL8


Next Time Source of image: https://arxiv.org/abs/1712.09913

Better optimization strategies:
If the mountain won't move, 
build a road around it. 

Next time

Can we change the error 
surface?
Directly move the mountain!
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