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In Chapter 4 ......

The same vector or operation is represented

differently when they are in different coordinate
systems.
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Subspace



Reference

e Textbook: chapter 4.1



Subspace

* A vector set V is called a subspace if it has the
following three properties:

* 1. The zero vector 0 belongs to V

* 2. If uand w belong to V, then u+w belongs to V

Closed under (vector) addition

* 3. If u belongs to V, and c is a scalar, then cu

belongs to V .
5 Closed under scalar multiplication

2+3 is linear combination



Examples
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W =< | ws | €R*: 6wy —b5wy+4w3 =0, Subspace?

\ L - /

Property 1.0 € W ) 6(0) — 5(0) +4(0) = 0
Property2.u,ve W= u+ve W

u=[u, U, ug 1v=[v, v, A 1" utv=[ UV, U,+v, ugtv, |’

6(u,+v,) — 5(uytv,) + 4(ustv,)

=(6u, —5u,+4u,y)+(6v,—5v,+4v,) =0+0=0
Property3.ue W=cue W

6(cu,) — 5(cu,) + 4(cu;) =c(6bu, —5u,+4u;) =c0=0
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]€R2:w120andw220}
Subspace? ueS§,uz0=>-ug¢sl,

w1 ] €R2:w%—w§}
Subspace? m {_ﬂ e S, but m{_ﬂ ¢S,

Subspace? {0} Subspace? zero subspace



Subspace v.s. Span

* The span of a vector set is a subspace

Let S = {wy,wy, -, w,} V =8Spans§
Property1.0 € V

Property2.u,veV,u+veVv

Property3. uel/,cuelV

K

Next lecture



Null Space

* The null space of a matrix A is the solution set of
Ax=0. It is denoted as Null A.

NullA={veR": Av=0}

The solution set of the homogeneous linear
equations Av = 0.

* Null A is a subspace

Alinear functionis L_____ & Null space only
one-to-one _ contain 0



Null Space - Example

T:R3—>R2WithT(

X1

X1 — To + 2583
i) =

—T1 + 220 — 323
X3

Find a generating set for the null space of T.

The null space of Tis the set of solutionsto Ax=0

-1 2

Az[—11 1 —3];>R:[(1) _01 (1)]

2y o ]

a generating set for the null space



Column Space and Row Space

* Column space of a matrix A is the span of its
columns. It is denoted as Col A.

A€ R™" = Col A= {Av:veR"

If matrix A represents a function

Col A is the range of the function

* Row space of a matrix A is the span of its rows. It is
denoted as Row A.

Row A = Col AL



Column Space = Range

* The range of a linear transformation is the same as

the column space of its matrix.

Linear Transformation

Standard matrix
1 2 1 -1
A=12 4 0 -8
00 2 6 |

T

—> Range of T =

L1
L2
L3
L4

Span

SL’1—|—2£L‘2—|—5173—£IZ4
201 + 4x9 — 814
2x3 + 614

(V)

—_
|
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RREF

* Original Matrix A v.s. its RREF R
* Columns:

* The relations between the columns are the
same.

* The span of the columns are different.
ColA # ColR
* Rows:
* The relations between the rows are changed.
* The span of the rows are the same.

Row A = Row R



Consistent

Ax = b have solution (consistent)

b is the linear combination of columns of A

b is in the span of the columns of A

bisin Col A

RREF([A u]) =

U=

1|eCol A? v=

RREF([A v]) =

o O =

e Col A?

2 0 —4 0.5
0o 1 3 1.5
0O 0 0 O




Conclusion: Subspace is Closed under
addition and multiplication
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