Unsupervised Learning:
Linear Dimension Reduction



Unsupervised Learning

* Clustering & Dimension ¢ Generation (fi:H14:75)
Reduction (& & f5)

only having
function input

only having

function ,
function output

code

Clustering & Dimension Reduction in these slides



Cluster 3

Cluster 1
* K-means

8/ Cluster 2

* Clustering X = {x?1,---,x™,---,xN} into K clusters

e Initialize cluster center ct, i=1,2, ... K (K random x™ from X)

* Repeat

. 1 x™is most “close” to c'
e Forallx™inX: b} {

0 Otherwise
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Clustering

* Hierarchical Agglomerative Clustering (HAC)
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Distributed Representation

* Clustering: an object must R o
belong to one cluster S
/IMEEEIE R i
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* Distributed representation

Dimension Reduction \1
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Dimension Reduction

Actually, 2-D

Looks like 3-D
http://archive.cnx.org/resources/51a9b2052ae167db310fda5600b89badea85eae5/i

http://reuter.mit.edu/blue/images/research/manifold.png
somapCNXtruel.png



Dimension Reduction

* In MINIST, a digit is 28 x 28 dims.
* Most 28 x 28 dim vectors are not digits
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Dimension Reduction

« . The dimension of z
would be smaller than x

. X
* Feature selection 2

Select x,

X1

* Principle component analysis (PCA)
[Bishop, Chapter 12]

z=Wx



Principle Component
Analysis (PCA)



200

PCA

z=Wx

Reduce to 1-D:

200

Project all the data points x onto w?,
and obtain a set of z;

We want the variance of z; as large as
possible

Var(z) = ) (-7 lIw'll, =1

Zq




PCA

z=Wx

Reduce to 1-D:

(whT

W = (WZ)T

N

Project all the data points x onto w1,
and obtain a set of z;

We want the variance of z; as large as
possible

Var(z,) = Z(zl —7)? will, =1
Z1

Orthogonal
matrix

We want the variance of z, as large as
possible

Var(z,) = Z<z2 ~ )% w?l, = 1

wl-w?2=0




Warning of Math



1
Var(z,) = NZ(Zl — 71)°
. Z (a-b)?> =(a’b)? =a’ba’b
=NZ(W1°x—W1°f)2 — aTb(aTh)T = a"bb’a

= = W~ D) x— DT

= (Wl)T%Z(x —D(x — f)lel

- G Congow!

Find w! maximizing

(Wl)TSW1

||W1||2 = (Wl)TW1 =1




Find w! maximizing (w1)TSwl (wHTwl =1

S =Cov(x) Symmetric positive-semidefinite
(non-negative eigenvalues)

Using Lagrange multiplier [Bishop, Appendix E]
gwh) = wHTsw! — a((wH)Twt — 1)
dgwh/owi =0 L Sw!—aw! =0
dg(wl)/owi =0 Swl =aw! w?!:eigenvector

wHTSw! = a(wH)Tw!

= a Choose the maximum one

wl is the eigenvector of the covariance matrix S
Corresponding to the largest eigenvalue 4,




Find w? maximizing (w?)'Sw? W?»)Tw?=1 W»)Twl=0

gw?) = wA)Tsw? —a((w?)Tw?2 - 1) —p(w?H)Tw! —0)

ogw?)/ow? =0 > Sw2 — qw? — gwl =0
0)

—_q 0 :—,B 1 —

dgw?)/ows =0
_ ((Wl)TSWZ)T = (W2)TSTwl
= (wH)Tsw! =21,(wd)Twl =0

Swl =1 w!

L=0: Sw?—aw?=0 Sw?=aw?*

w? is the eigenvector of the covariance matrix S
Corresponding to the 2" largest eigenvalue A,




original data decorrelated data

PCA - decorrelation -

z=Wx
Cov(z) =D

Zy

Diagonal matrix

-10
1G -10 -5 0 5 19

Cov(z) = %z(z —2)(z—-2)"=wswT S = Cov(x)

:VVS[W1 WK] =W[SW1 SWK]
=W[/11W1 /-[KWK] =[/11WW1 AKWWK]

Dher - Ao =



End of Warning



PCA — Another Point of View

Basic Component:

/.
A

RO RO R

s B ol N @
u' ou2 u? 4
i 1x L 1x 1x
” -
7 ~ + + /
ul us u>
o
~ cqul + cut + o+ egu + % c,

Pixelsina N\ /

digit image

component

Represent a
digit image



PCA — Another Point of View

fozclu1+czu2+---+cKuK =91?

Reconstruction error:

B - 5 1 K . - 0 o
| (x — ) — %I, Find {u', ..., u"™ } minimizing the error
K
L = min z (x — %) — zckuk
{ul,.. uk} —
k=1 ,
PCA: 7z = Wx X
z1] [(w)T fwl, w?, ...wX}is the component
Zo| _ | (w,)T y ful, u?, ... uX} minimizing L

Zk | -(WK)T- Proof in [Bishop, Chapter 12.1.2]



fozC1u1+C2u2+...+CKuK =5C\

Reconstruction error: ; _———
| (x —X) — %]l Find {u", ..., u® } minimizing the error

__N 1 1 1 2 LAY
X~ cu +cus+

Q

C12u1 + C22u2 + ...

Q

Cfu1 + Cg’uz + ...

Q

Minimize
Error




ﬂﬂﬂ
Minimize

MxK KxK Kx N

K columns of U: a set of orthonormal eigen vectors
corresponding to the k largest eigenvalues of XX'

This is the solution of PCA

http://speech.ee.ntu.edu.tw/~tlkagk/courses/LA_2016/Lecture/SVD.pdf

SVD:



PCA looks like a neural network with one
. . o . Autoencoder
hidden layer (linear activation function)

2

If {wl, w2, ...wX}is the component {ut, u?, ... uX}

To minimize reconstruction error:

Y — kﬁx—f
* Eckw e = (x — %) - wk

k=1




PCA looks like a neural network with one
. . o . Autoencoder
hidden layer (linear activation function)

If {wl w?, ..

K To minimize reconstruction error:

— k“x—x
* = Eckw e = (x — %) - wk

k=1

wX}is the component {u!, u?, ... uX}

K =2: It can be deep. - Deep Autoencoder

Minimize
error




Weakness of PCA

* Unsupervised * Linear
N % ,

Non-linear dimension reduction
in the following lectures

http://www.astroml.org/book_figures/c
hapter7/fig_S_manifold PCA.html



PCA - Pokemon

* Inspired from:
https://www.kaggle.com/strakul5/d/abcsds/pokemon/princi
pal-component-analysis-of-pokemon-data

» 800 Pokemons, 6 features for each (HP, Atk, Def, Sp Atk, Sp
Def, Speed) P
i

* How many principle components?
y princip P A+ A, + A + Ay + Ac + Ag

___

ratio | 0.45 0.18 0.13 0.12 | 0.07 0.04

Using 4 components is good enough



T | ai | Dot | spA | spoer
PC1 0.4 0.4 0.4 0.5 0.4

pC2

PCA - Pokemon

PC2
PC3
PC4

0.3 hRE
0.1 0.0 0.6 0.3 0.2 0.7 |
-0.5 -0.6 0.1 By B (e R )




PCA - Pokémon
| Hp | Atk | Def | SpAtk | SpDef | Speed
PC1 0.4 0.4 0.4 0.5 0.4 0.3

P

C2 0.1 0.0
c3 0.5 0.6
JI5% 0.7 0.4
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0.1
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-0.3
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pCA-MNIST o8 oyl o

images
30 components:
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PCA - Face

30 components:

s " .
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http://www.cs.unc.edu/~lazebnik/research/spr Eigen—face
ing08/assignment3.html




What happens to PCA?

1 2
m = QW + a,w” + -
N

Can be any real number

* PCA involves adding up and subtracting some components
(images)
 Then the components may not be “parts of digits”

* Non-negative matrix factorization (NMF)

e Forcing a4, a, ...... be non-negative
* additive combination
* Forcing wl, w?...... be non-negative

* More like “parts of digits”

e Ref: Daniel D. Lee and H. Sebastian Seung. "Algorithms for
non-negative matrix factorization." Advances in neural
information processing systems. 2001.



NMF on MNIST



NMF on Face
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Matrix Factorization



Matrix Factorization

m O O ™ >

Number in table: number
of figures a person has

There are some common factors behind otakus and characters.

http://www.quuxlabs.com/blog/2010/09/matrix-factorization-a-simple-tutorial-and-

implementation-in-python/



http://www.quuxlabs.com/blog/2010/09/matrix-factorization-a-simple-tutorial-and-implementation-in-python/

The factors are

Matrix Factorization atent.

match

. Not directly

observable




No. of Otaku =M

No. of characters=N No. of latent factor = K

N K N

Vo b Minimize
Error

Singular value
decomposition (SVD)




= 2 =2 = =
m O O W »

Only considering the
defined value

Find ! and 7/ by gradient descent



m O O & x

mUﬁUDZDI

S = O = =)

Assume the dimensions of r are all 2 (there are two factors)

A 0.2 || 2.1
B 0.2 1.8
C 1.3 0.7
D 1.9 0.2
E 2.2 0.0

1 &H)| 0.0 2.2
2 ()| 0.1 1.5
3(@HSF)|| 1.9 -0.3
4 CNEE) || 2.2 0.5




More about Matrix Factorization

* Considering the induvial characteristics

rd.rl =5 :> r4.rl+by,+b; =5
b,: otakus A likes to buy figures
by: how popular character 1 is

Minimizing L = Z(Ti -1/ + b; + b; — nij)z
)

Find r, 7/, by, b; by gradient descent (can add regularization)

e Ref: Matrix Factorization Techniques For
Recommender Systems



Matrix Factorization
for Topic ana|ySiS character-»document,

otakus—word

* Latent semantic analysis (LSA) Number in Table:

Term frequency

sy 5 3 0 1 . _

— 4 0 0 . (weighted by inverse
I TS

z;g . . 0 : document frequency)
s 1 0 0 4 Latent factors are topics
NV 0 1 5 4 (A& ~ Boa ... )

* Probability latent semantic analysis (PLSA)
 Thomas Hofmann, Probabilistic Latent Semantic Indexing, SIGIR, 1999

* latent Dirichlet allocation (LDA)

* Blei, David M.; Ng, Andrew Y.; Jordan, Michael | (January 2003). Lafferty,
John, ed. "Latent Dirichlet Allocation". Journal of Machine Learning
Research. 3 (4-5): pp. 993-1022.



More Related Approaches Not
Introduced

* Multidimensional Scaling (MDS) [Alpaydin, Chapter 6.7]
* Only need distance between objects

Probabilistic PCA [Bishop, Chapter 12.2]

Kernel PCA [Bishop, Chapter 12.3]
 non-linear version of PCA

Canonical Correlation Analysis (CCA) [Alpaydin, Chapter 6.9]

Independent Component Analysis (ICA)
* Ref: http://cis.legacy.ics.tkk.fi/aapo/papers/IJCNN99 tutorialweb/

Linear Discriminant Analysis (LDA) [Alpaydin, Chapter 6.8]
e Supervised



Acknowledgement

o Bl 22 (RS2 5 | FH B P

o FlZH Hsiang-Chih Cheng [G]E22%3H 322 H FAYFE
EA




